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Every exercise of the Mind upon Theorems of Science, like 

generous and manly exercise of the Body, tends to 

strengthen and call forth Nature's original vigour. The 

Nerves of Reason are braced by the mere employ, and + 
we become abler Actors in the Drama of Life, whether 

our part be of the busier or sedater kind. 

| _ Haxms's Hermes, p. 294 
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ADVERTISEMENT. 


HE present Work is intended to com- 
prise the substance of the Lectures, in 
Mathematics and Natural Philosophy, which 
are usually read in the University. The want : 
| of a System of this kind having been long 
complained of, Mr. Vince and the Author of 
this first volume agreed to undertake the work 
jointly; the former engaging to draw up the 
Fluxions, Hydrostatics and Astronomy; and 
the latter, the Algebra, Mechanics, and Optics. 
That the whole might form one system, the 
parts drawn up by each were submitted to the 
consideration of the other, and such altera- 
tions and additions made, as were . 5 
necessary by both. | 
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INTRODUCTION. _ 
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n V 2 FRAC I Os 


| mY (OE | 
' RTICLE 1 * w 7 fraftim | is a a quantity which re- 
preſents a part or parts of an integer or whole. 


2. A fmple fraction conſiſts. of two members, the 
numerator, and the. d 1 denominator; the denominator ; 
Thews Ro bows many equal Parts the whole, or unity, 
is divided; and the numerator,” the number of thoſe 
parts taken. The numerator is uſually placed over 


the denominator with a line be a them. Thus, 


4 


5 two third, senses that unity is divided! into three 


_ * T8 
iu +4 # * 


| equal parts, and that two of thole p parts are ken... 
It myſt be obſerved, that we ſuppoſe every integer 
to be divihbl e into an any nutber o& qual parts. at 


13. A 


Wader id a eee 
P ure, e 


vper raftion is obe whoſe niibneraros: is leſs 
than its deviominator, as . 
4. An Improper fractia is one whoſe: — 


ee 
Vox. 1. | $ - 5. . 


3 * , 4 3 = 
- ” K * 
N A , — 


2 on VULGAR FRACTIONS, 
. Ac is a fraction of a fraction, as 


of of 7, where fi is che bade quantity of which T7 is to 


be alen; ally - ? of bor 2 440 


* 4 


nifies 7 integers together with — N. of an integer. 


8 3x VC) 


7. Cor. 1. "Wray integer may be conſidered as a 


"'y 1 - SS TOTCOSLIS * * nk 1 Fi F 
9 < bY 


HD N 4 ih f 12 


. the numerdtor 5 l F umber and Tetain the 


PIC YT] 


lone dum. Thus T7 7 mike by 9 is 15 
—_ Gerit Pos the ace | id 4 


+ > ' 
former. N Py» ? ; 44 071 . 1 


* £5 hn. a m +4 cat , ee 
"RE $2 a 7 OY 


. Cor, 3. To divide las” ty 0 8 
6 ply the denominator by that number and retain the fame 


unit being dvided. into four times as many equal parts 


* * 


6. A quantity contin of a whole number and a 
fraction 1 is called a mixe xed zunber, as 115 which ſig- 


; fraction whoſe denominator 1 is 7] thus 5 or [ye 7 


8. Cor. 2. 25 0 multip ly 4 > fin by any. number, 


is divided inte 1 5 equal parts, and) times/as many 
of thoſe parts are e taken in the latter caſe as in the 


Aumnerator. Thus * divided by 4 is S, becauſe the N 


in = as:it wind, each of the parts in the latter caſe 


i four times ere i the en nd th ue 
1 5 number 


12 » 
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number of parts is taken in both caſes ; therefore the 
former fraction is one fourth of the latter. | 


10. A ſimple fraction may be conſidered as repre- 
ſenting the quotient ariſing from the diviſion of the 


numerator by we denominator; thus the fraction 2 


* 


repreſents the quotient of '3; divided "by: 4; for 3 4 is 2 


(art. 7770 and this divided by 4 is the fraftion 3 
(Arr. 9). If the integer be ſuppoſed a pound, ny a 


ſhillings, > 2 of 1 If, which is 15 things,” is equal to - 


or IL, which 3 is alſo 15 ſhillings. 

11. If the numerator and Fr PRE" of a fraction 
be both multiplied by the ſame number, it's value is 
not altered. For, if the numerator be multiplied by 
any number, the fraction is multiplied by that num- 
ber (Art. 8); and if the denominator be multiplied 
by the ſame number, the fraction is divided by it 


(Art. 9); and if a quantity be both multiplied and 
divided by the ſame number, it's value is not altered. 


Thus, L = 7 Ws 8 \ vec. Hence, if the numerator 


14 42 4207 
and denominator be both divided by the ſame num- 


| ber, its value | is not altered; fince 22 1 
. To wlth jepetition,. the Reader is han wo the frſ ſeion 


of the A "x. he mp he fa 4 — * 
and — 9 d | 


* 1 
\ , 7 
5 1 v. 4 
* * < . vm o 1 1 1 
; 4 - 1 } ; — . 6 
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ON REDUCTION. | 


i The -openitivn by which a Gude is | Gutized 
i | 6405 one denomination to — without ee 
Mil ns value, 1 is called Reduction. . 5 
— 104 12. To reduce a whole — ton Hatton with 4 
= given denominator. - 

Multiply the Fp en Foes by the given . 
Minster, and the product will be the numerator of 
the fraction required. . 

Ex. Reduce 5 to a fraction whoſe denominator is 6, 


5 This is — LAT r\ =; becauſe J may be conſidered 


as a fraction 2 1 (Art. | 7), the numerator and deen. 


nator of which are multiplied by 6, therefore It's value 
1 ha not altered. (Art. 11). 

1 13. To redure a mixed number to an a roper ate 
1 -Motiply the integral by the denominator of the 
1 5 Frational part, to this product add the numerator of 
. the fractional part, and make is denominator the 
1 denominator of che ſum. 


= Ex. 1. Redute * 


to an improper faction. 80 


The bu 7 72 is  equale to 5 355 . uk ;for . by 


\ 


the laſt Art. is ql to 2B, an and if to this this be be h 


— 


3 * #2 % 1 4 fr ** 2 * * #148 » 25 * 
: - whole 18 5 e e <a e ee 
£145 a „„ 284 "EX: " Is © - x; 
: K .. 
, ; | 


Ex. 3 475 = 2539 2 8 1 77 1 ana 
14. To 
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14. To reduce an improper fraction to a mixed number. 

Divide the numerator by the denominator for the 
integral part, and make the remainder the numerator 
of the fractional Pr and the diviſor 3 it 8 denominator. 


Ex. Reduce 22 4, to an improper bal. - The = 


« 4 F* © «6 +4 


faction 9 7 18 = 17: becauſe the unit being. divided 


into 5 parts, 39 ſuch parts are to be taken, that is 5, 
7 units and 4 ſuch parts. 5 


1.5. To reduce a compound fraction to a ſimple one. 
Multiply all the numerators together for a new 
numerator, and all the denominators for a new 7 deno- 
minator. \ 
Ex. 4. 7 2 of 4 — ; for, one : third of 7 is = 
35 "Io 1 15 8 


as 
(Art. 9) therefore two thirds, which muſt be twice 


ar, ly * n * 


. 4% =.2 3 of 5 = 2#, 
4 0 
Mixed : muſt bi 3 to improper frac- : 


| d before the rule can be ne 


16. To reduce a — to lower terms, 
Whenever the numerator and denominator of a 
fraction have a common meaſure (or number which 
divides n of them without remainder) greater than 


4 3 2 5 unity, 


=o. * 
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6 ON VULGAR FRACTIONS, 
| unity, the fraction may be reduced to lower terms, , by 
_ dividing both the numerator and TS AE. . 1 8 this 
common meaſure. | | | 
8 Ex. 1781 is reduced to 2 , 4 by avidin both the 


# 


' 
numerator and he by 55 d A is again 


reduced to 7 , by dividing its numerator and denomi- 


nator by 3. That the value of the fraion | is not : 
altered, appears from Art, 11. 


168. 84 _ 28 4. 


410 105 35 5 155 
I 17. The greateſt common meaſure of two numbers is 


found by dividing the greater by the leſs, and the pre- | 
ceding diviſor by the 'remainder, continually, till nothing 
is left : the laſt ** is the e e meaſure | 
required. 

To find the greateſt common meaſure of I 89 and 
224. 


— — el 2 * 


In the ſame manner, — 


— — — 


_— 


3 
K * 


— 


lots © 
189 


35018905 


„ 


f 14) 3502 
28 
R er 


14 
By proceeding according to the rule, it appears that 7 


: 


_ ON VULGAR FRACTIONS. 4 3 


is the laſt &rifar, or the greateſt common * 
ſought. The proof of this rule will be given hereafter. 
18. A fraction is reduced to it's loweſt term, by di. 
viding it's numerator and denominator * their u 

tommmg meaſure. | 
A Ex. T 0 reduce 250 to it's loweft terms. 

By the laſt Art. the greateſt common meaſure of 
the numerator and denominator is found to be 11, 


2 and therefore = is the fraction in it's loweſt terms. 


Cor. If Nig be the greateſt common nk of 
the numerator and denominator, the en is in ir 5 


loweft terms. 


19. To reduce frafting to to a common denominator... 
Having reduced, if neceſſary, compound fractions to 
| ſimple ones, and mixed numbers to improper fractions, 

multiply each numerator by all the denominators ex- 

cept it's own for the new numerator, and all the de- 
nominators together for the common denominator. 


Ex. 1. Reduce 2 and : to a common denomi- 


nator. 


1X3X4 2X2X4 , ad IX2X3\ 
2X XA 2 XX A an 2X3X4 


0 are the fractions required. Theſe fractions are re- 


24 
ſpedtively equal to the former, the numerator * de- 
nominator, in each caſe, having been multiplied by the 
ſame numbers, namely, the denominators of the reſt. 
IX3X4 __I  2X2X4 _ 2 and IX2X3 — 3 
2X3X4 2'2X3X4 3 2X3X4 4 
A4 | . 
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Ex. 2. | Reduce Tha 2 of a and 4 - to. a common n deno- 


minator. <A Bama 1 


ws heſe a are e— a and 5er and 3 wy ex g, and a 


| 2. are the fractions required. 


20. If the denominator of one W two — contain 
the denominator of the other a certain number of times 


 exaftly, multiply the numerator aud denominator of the 


latter by that number, and it will be en to the Jame 
denominator with the JO. 


Ex. Reduce 5 and * Y, to a common denominator. 
Since 12 contains 3 four times rr multiply 


both the numerator and denominator of - ; by 4 and 
it becomes - > , a fraction having the ſame 3 


with 4. 
4 2 


* 


9 11 Cor. By reducing two fladons to a common 
denominator their values may be compared, 


Thus, 2 7 and 2 when reduced to a common deno- 


minator are 5 and 22 945 that is, the fractions have the 


fame relative values that 48 and 49 have. | 
22. To find the value of a fraction of a propuſed dens 


tpination, in terms of a lower denomination. | 


Mulriply 


me 
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; Multiply the fraction by the number of integers of 
che lower denomination contained in one integer of 
1 the higher, and the product is the value required. 
The value of any fractional part of the. lower denomi- 
nation may be obtained in the ſame manner, till we 
come to the loweft. 5 


Ex. What ; is the value of - of a pound: p 
Firſt, 5 5 of Fl is £ of 20 ve. or 6 of — — billing 
100 
= — 1 ” Chillin S; 
e 9 7 855 
Next, 3 2 of a ſhilling = — 5 2 of? — ©” Pence = = pence 
= 3 ences 
3 7 P 


Laſtly, 4 of a penny 7 of 4 frthings = 3 of 


. 


farthings = 2 1 7 farthings : hence . of a F Fo 


4 d. 
. . 
14: 3 1 15. 


The operation is all performed in the following | 


| manner. | 
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v7 
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4 
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Ex. 2. What is the value of 2 of a crown? 
d. 


x 
— 
* 
— 
rs: —-— as — — —ͤ — W — * eee as tet — — — . — ——ñ4— . — — ce 199. i ro rear tenet te ——ʒj1ä— r 2 ＋4—. Bü. — 
— 2 3 — —„—-—᷑¹ö es ay — — —— — — r 3 —— — gi — — es _ ng — 6K 2 — ee » ＋·2 —— — 
5 _; ww - — 2 _ 6 om — 5 — — te ebrorkes. gy as 2 * po — — — A — tt — * — ˙— * 4 
— : — . - = — ” « as 4 « — On . — —— — ä——— — Go dn oe” — 
2 ako — — — — * — BOS — 
— ſ— — — — mot — 


* 


A an — ky 2 wet 


——ů— — wo N — 


— or et <F Be by We 


— atrooap ene woes . EIN ng BE — = 


* — —xÆ..W0 — 


— CY r — 


. 


ON "VULGAR FRACTIONS, j > 0M 


2. To reduce a quantity to a fraftion of any K. 
mination. 

Make the given quantity the numerator, and the 5 
number of integers of its denomination in one of the 
propoſed denomination, the denominator, and the 
fraction required } 18 determined. 


What fraction of a pound is 12 : a 57 
„„ 
122 71 3 = 607, and one pound = 900; therefore 


Gor, is the fraction ſought. Becauſe the integer being 


1 
divided into 960 equal parts 12 - &. 3 contains = 


ſuch parts. 
24. In this example, we are oblged to akin the 
whole to farthings; and in general, if the higher de- 
nomination do not contain the lower an exact number 
of times, reduce them to a common denomination, 
and proceed as before. 
Ex. 2. What fraction of a guinea is half a crown? 
Here ſix pence is the greateſt common denomina- 
tion, of reve a guinea contains 42, and half a Crown 


5» therefore = is the fraction required. 


Any common denomination would anſwer the pur- 
Pole, but if the greateſt be taken, the relyiring fraction 
is in the loweſt terms. : | 
25, To reduce a fraction to any OO Sap 
Find what fraction of the propoſed. denomina- 
tion an / integer of the denomination of the given 


fraction 1 1s, and the fraction —— will by: found by | 
Art. I So 
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Ex. 1. 
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12 on VULGAR FRACTIONS, 
Ex. 1. What fraction of a pound is ; of a ſhilling? 
1 ſhilling 1 is, — 5 of a pound; dete; 1 of 1 ſhilling 


60 
Ex. 2. What fraction of a yard i 18 = 9 of an inch? 


8 i > ofapoant, or 6 15 of a pound. 


h i. Do a yard therefore $ of an inch 5 f 


0 


of Tof a yard, or —-- of a yard. 
75 252 


36 
Ex. 3. What fraction of a guinea is 2 501 a pound? 
1 n is 57 5 a guinea, (Art. 55 hence = ofa 


80 
pound i is 30 of — Lof a guinea, 0 or 189 of a guinea, 


ADDITION OF F RACTIONS. 


26. If fraftions have a common Fan their ſum 


it. found by taking the ſum of the nn, and ſus joining 


the common 8 


Ex. : + 3 = 5 If an x integer be divided i into five 


equal parts, one of thoſe parts together with two parts 
of the ſame kind, muft make three ſuch parts. 
27. If the fractions have not a common denomi- 
nator, reduce them to a common denominator, and 
proceed as before. 


Ex. 


"IN 


integer. 


% 


ON VULGAR FRACTIONS. oo 


Thee reduced to a common 3 are ede, 


Sad, . whoſe ſum i is 133 or 2 13. 


60 a L, 
When mixed anon are to be added, to > the ſum 
of the fractions, taken as ä add the ſum of the 


— 


Ex. Add cogether 5 * , 6- and 2 2 of =, 
S $f 


3 21 140 24 _479_ 59 
CC 


therefore the whole ſum 1 is 12 14 5 oy 


Pry ee Ne : 


* * * x 
% 5 ud * *- 


28. 7 le, Alpen of "Fe Hallam which ** a com- 


mon denominator is found by taking the difference of 7 their 
uumerators and Ken {ge common denominator. 


Ex. $24) a. | tho unit be ſuppoſed to be di 


vided into five equal parts, and three of thoſe Po be 


; taken from four, the remainder muſt be one, or 5. 


29, If the fractions have not a common denomina- 
tor, let them be reduced to a common. nee 


and take the difference as before. 


* 
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at * 8 is et = 203 bapubs . 
S 55 55 
Ex. 2. From = Ta ©. take * 1%. 


gg oo oljgns l 2 (che 6 * 
ho 23 140 I 1440, 1% 


— * 


L323: 


MULT TWLICATION., 
J To multiply one * aftion 1 1 is to 
* 0 part or parts of the former as the latter expreſſes; 
this is done by multiplying the numerators of the two 


Factions together for a new numerator, and the denomi- 
nators 05 a new 27 711 


2 
1 


4 7 4 
ing to the definition of N . 3 or 28 


| (Art. 15 08 5 | | | 
8 ons 100 So rechiced to ple , 

ones, and mixed numbers to improper fractions, and 

they wy then be multiplied as befote. 8 5 


1 
# 75 4 


Ex. 1. * i TIF " 


Ex. „ö 2 = =: for 4 mubiplied 751 is, acyord: 


#75 


£41.97 E -j a 
31 


eee and 75 = 57; thetefor tee pana 
205 * 13 657 8 — 8 pf 1 e 
121 $7 _ 1026 _ rig. 1 


85 * W 1 
* | | on Ex. 2. 
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+ CP 4 tt 1 1 
Ex. 2. Mutiply 55 77 e ee ee 


* 2 * . 7 
| $ © 2 | Oo}! ah EY tes 7 — — 2 15 13 5 p — Ss 10 oy 


217 217 | 7 O -& 
Hence it appears, that a fraction may bs jo rnultipied 
by a whole number, by dividing the denominator by 
that number, when this diviſion can take place. 


0 /DIVISIONI.O).1f 


31. To divide one fraftion by another, or to determine 
how. often one is contained in the other, invert the- nume- 
rator and denominator of 2h a; ran ee 
AE. Alte) [3-1 ion A T0 2NQ 


r 
Ex. 14% 4 by 5x = mn 8 87 


For, fl the 'nature of divifion, the divifor hut 
tiplicd by the quotient muſt produce the dividend; 


chrefore 5 x X tient = x Fea theſe © equal quamitic 
be multiplied. by the I and the pro- 


aue. muſt deere, that 1 * Z 75 2x an, be] 
or Ex R quotient == 85 85 55 but EY =1I (As. 105 there- 


711 4 


3 ths Suben = * RS 3 rale, And 


the ſame method uf proof is applicable to all kw: 
Compou nd fractions muſt be reduced to fimple 
Ones, and mixed numbers to improper fractions, before 


the rule can be applied. 0 e 
ü 0 D 2 j - a>, | | : Ex. 


_ ON DECIMAL” FRACTIONS. 


1 * « | I © . 3 5 . 
| Ex. | Divide : Ss —— Y 1441 . e 


G 5 * ; ON and 2 Hy 7 therefore the quotient, 


| 3 1 8 wi, * * 5 : x butts 

1 20! Lee acl vi 11; 2 18 %%% 41 0E! 4 
Yo 63 by. = Wen PR 2 115 þ : 5 x * 19 Tree! — 71 31 logd'y. ? : 7 m | | 2 £ 
| | j * #5 , =» 

5 551K } #83 n Me ; 1 — l al nua n 2 2 


oN DECIMAL FRACTIONS. 


* * * - 
* » k 


js FR a. to leſſen the ente W in many ; 
oe attends the uſe of vulgar fractions, decimal frac- 
tions have been introduced, which differ from the for- 

mer in this reſpect, that their denominators are always 
10 or ſome power of 10; as 100, 1000, 10000, &c. 
and. inſtead of -woriting: the denominator under the nu- 
merator, it is expreſſed by pointing off from. the right 
of the numerator as many figures as there are cyphers 
in the ey thus 2, 423, 1% rs * 74 


; 23 127 13 
bgoity ne 105 100˙ 1000 78068 43.55 
437, 5 4 5 


e c XE'x Bf adh lie d fury aul 
33. OY 1. The whe of Fa PA ina decimal 
decreaſes from the left to the Tight” in a tenfold prö- 
portion; that is, each figure is ten times as great as if 
it were removed bne place to the riglit, as in whole 
5 PEEL GY 
numbersz" thus 2, 02, hind are 7 50 Yor . &c. 
and the decimal 127 is one tenth, two 9 bundredihs 
and ſeven thouſandths of UE... dn: : 


xc : Gs 1 85 34. My 


1 
* 


. 


ee. 


-ON DECIMAL FRACTIONS. 17 


34. Cor. 2. Adding cyphers to the right of a de- 
cioul does not alter it's value; thus, .2, 20, . 200, or 


2 20 200 


are equal to each other, the numerator 


10? 100 1000 


and denominator having been multiplied by the fame 
number. ew, Art. 1 1). 


35. Cor. 3. Decimals may be e to a com- 
mon denominator by adding cyphers to the right, 


where it is neceſſary, till the number of decimal places 


1s the ſame in all. 


Ex. 5 01 and 311 reduced to a common de- 


nominator, : are +500, 010 and 311; that 18, = * 
1000” 
426 4.31! 
1000 1000” 
As decimals are only . of x particular de- 


ſcription, their operations muſt depend upon the 


principles already laid down. 


' ADDITION OF DECIMALS. 
36. To find" the fum of any number of detimals, place 
the figures in ſuch a manner that thoſe of the ſame deno- 
mination may ſland under each other, add them together 


as in whole numbers, and m the decimal ow V the 
fum under the oth:r points. 


Ex. Add t together 7.9, 51.43 * 0118. 


Theſe, When reduced to a common denominator, are ; 
Vor. 4. 5 = © 7.9000, 


8 ON DECIMAL FRACTIONS. I 
7: * 5 x, 4 400 and 0118; and procecding according 4 


7. 900 
5 1.4300 
0118 


— — —— — 
— - — — — — - — — ——— > — 
— LOA Yo Eo oi 9 OI ͤ “( a — * — * — DONS 0 Op » =. 
1 7 Py i Yo pt 
— — . —— — 2 — 


= — 
7 : * ee 9 
* * * — 
8 — Fad” oe Hs, 8 & 36k _— "I" 
"4 5 r Wer? , a 2 ally — 
2 * 2 © 8 9 SEES. * s 
” * We 
, Y * * ——— 
o * 4 — — * * 
3 —— — — — - 7 
3 ; . — he - — 
* — — — _— - < — — — 
— 


8 a wo poo 
—— > 
FF 
0 - p ns Ton 
— K * 
— ww nie —— —ͤ—ę— I 


59. 3418 is che um required. (Art. 26). 


—— —ͤ 


n the operation, the cyphers may be omitted; this, 


7-9 


SES 
0118 


— — 


— * — ve — : 
CCC tg • ¾méĩ ³” .. cy Ce ot 24 an 199) + res 
” — — — — —-— — — —— 
—— — L— — —— — 


— 


59.3418 


SUBTRACTION. 


37. To find the difference of two decimals, place the 
figures of the ſame denomination under each other ; then 
fabtract as in whole numbers, and place the decimal point 8 
under the other points. 

From 61.3 take 42.012. 

' Theſe, reduced to a common denominator, are 
61.300 and 42.012; therefore their difference is 
19.288 (Art. 28.) In the n * # others 
may be omitted ; thus, 
61.3 

42.012 


19.288 


MULTt- 


— . * 

ä „ — — — 
e = 
—— 


r ͤ . 0" ty anos. 
5 62 RJ 
| — — 
2 8 


ON DECIMAL FRACTIONS. 0 - 


MULTIPLICATION. 


38. To multiply one decimal by another, multiply the 


figures as in whole numbers, and point off as many decimal 
places in the product as there are in the mulliplier and 
en together. 

46 _ 23508 _ 
10 100 


Ex. 51. 3X 4.62 2233. 98. For GN 


(according to the decimal notation) 235.98. And a 


ſimilar proof may be applied to all other caſes. 


39- When there are fewer figures in the product 
than there are decimals in the multiplier and multipli- 


cand together, cyphers muſt be annexed to the Jef of 


the product, that the decimal Places may be 8 25 
repreſented. 


13333 3; 11 
Ex. 25 * 3 753 for * = = = 
(according to the decimal 3 5 Ge. 


DIVISION. 


40. Diviſion in decimals is performed as in whole num- 
bers, obſerving to point off as many decimals in the 
quotient as the number of decimal places in the dividend 
| exceeds the number in the diviſor. 

Ex. Divide 77. 922 by 3.7. 

2922 
3-7 
in the dividend: and one in the diviſor; z therefore there 

are two in the quotient, 


The truth of this rule is apparent from the nature 
of multiplication; for the product of the diviſor and 
B 2 „ quotient 


— 21. o6: here there are three Auk 


- 


„ 


20 oon DECIMAL FRACTIONS. 

quotient is the dividend; there are therefore as many 
places of decimals in the dividend, as there are in 
the diviſor and quotient together (Art. 38); conſe- 
quently there are as many in the quotient as the 
number in the dividend. exceeds. the number in the 
diviſor. | | 1 


41. If figures be wanting to 1 up the 5 proper 


number of. decimal places, cyphers muſt be added 8 
the t. 5 


Ex. Divide * 38 by 42. 
© = = 8; and as the quotient of 336 divided by 4 42 


muſt contain three decimal places, that quotient is 


.oo8, For 55 8 divided by 42 5 336 or 8 1 


42000“ 1000 


(Art. 9); ; e is s (according to the decimal notation) 
,oo8:(Art. 32), . 5 

442. When the dividend does not contain as many 

decimals as the diviſor, cyphers muſt be added to the 

right of the decimals 1 in the dividend, till that is the 


m 


Ex, Divide 36 by 012. 


36 366 o00; and 36. ooo divided by e 012 is 5 3900, 
e nccording to the rule. | 


3 


43. To reduce a vulgar fraction to a decimal. 

Add cyphers at pleaſure, as decimals in the nume- 
rator, and divide by the denominator according to the 
rule for the diviſion of decimals. The truth of chis 
rule is evident from Art, 10, 


0 . Ex. 1. 


ON DECIMAL: FRACTIONS, "an 


— = 2 An 
33 33 

44. In ſome caſes as in the two laſt examples, the 
vulgar fraction cannot exactly be made up of tenths, 
hundredths, &c. but the decimal will go on without 
ever coming to an end, the ſame figure or figures re- 
curring in the ſame order; but though we cannot 
repreſent the exact value of the vulgar fraction, yet, 


by increaſing the number of decimal _—_ mr 


: approach to it as near as we pleaſe. Thus, - = 1111 dec. 
now .1 or e the true value by _ de 


LY is too little by I er 


198 


\Decimals of this kind are called recurring o or circu- 
FB decimals. 


45. To find the value of a decimal of one A 
in terms of a lower denomination. 


This may be done by + the rule laid down | in Art, 23. 


3 1 
” * * 4 3 : — hs N 
o 0 
5 1 
, : + 114 ”— Hay * _—_ n " 5 Wie 
. * * 7 . F 5 > * * 4 RY 5 % * N Ex 
LM a+ | N 5 
. g . 


ö 
| 
| 
Y 


22 | on DECIMAL FRACTIONS. 
3 Ex, Required the value of .61562 50. 


6156254 
r 
12. 2.312500 fillings 
TTY | 


3.7500 pence 
1 
3. 00 farthings 
2 „ TE 3 7. 
The value required is 12: 3: 3. 
Firſt, . 615625. 12.3125. ſhillings. 
Next, ly LE = tr. 
Laſtly, . 75 l. = 3 farthings. 


46. 70 reduce a quantity to a decimal of 4 fei ; 


denomination. 


Divide the quantity by the number of integers of 
s denomination contained in one of the ſuperior de- 


—_— and the quotient is the decimal required. 


Ex. What decimal of a ſhilling is 3 pace? 3 
12) 3.00 


25 Anſ. 


For in = denomination tillings, it's numerical e 5 


5 


muſt be 72 of it's value in the denomination Penes. 


„ 
Ex. 2. What decimal of a pound i 18 , 3: AL * 
4) 3.60 
120 4475 


sees dc. 


— ccc. 


ON DECIMAL FRACTIONS. 23 


"FP iſt, we e find nt decimal of a penny ; Is; this, by ; 


the rule, i IS . 753 then, what decimal of a a. 4: 3 
or 4.759. is; this is found in the ſame manner to be 


3988333 bee. laſtiy we find, by che fame rule, what 
decimal of a pound 13. 3958333 &c. fh. is; which 


appears to be. 66979166 &c. 


The concluſion will be che ſame if we race: the | 
quantity to a vulgar fraction (Art. 2 3) and this irac- 


tion to a decimal (Art. 43). 

The proofs of the rules for the management c of yul- 
gar and decimal fractions, here given, are neceſſarily 
confined to particular inſtances, but the ſame reaſon- 


ing may be applied to each caſe; and by "- general 


: aur, the n * be mage n. ; 


, 1 * 6 1 . N ; 
B : THE 
a 15 a | A of 
f 


* 
1 * * * 
144041 2 H E a 
. , 
* 4 
: ' 


. . t Z 
3 * =P CTY. 1 by N | l 7 5 
1 T ” x ww & 7 * * < - «a 4 — . on N 
os 
** 4 5 . 2 8 0 * * Wk S « 5 8 N 5 5 — * 8 , 3 * 1 1 a4 + x * : 
\ * 
: id i A a * 
1 A 2 1 g * 1 % 4 " 
2 f IT * 8 — # * 
" F : * , 
p * - 94 ? 7 - + , A | 1 4 + © " 
„ a * E is $a ery . 1 1 * 
* * — - 


DEFINITIONS AND EXPLANATION or sens. 


47 _ od of repreſenting the ilfion of 
abſtract quantities by letters and characters, 
which are made the ſigns of ſuch quantities and their 
relations, is called Algebra. 
| Known or determined quantities are uſually repre- 
ſented by the firſt letters of the alphabet, a, b, c, d, 
&c. and unknown or undetermined quantities, by the 
laſt, ww, *, y, &c. 
The following ſigns are made uſe of to expreſs the 
relations which the quantities bear to each other. 
48. + Plus, ſignifies that the quantity to which 
it is prefixed muſt be added. Thus, a + 6 ſignifies 
that the quantity repreſented by h is to be added to 
the quantity repreſented by a; if a en 5» and 
b, 7, then a + h repreſents 12, 5 
If no ſign be placed before a quantity the ſign + is 
underſtood, Thus, 4 ſignifies ＋ 2. Such Wen 
are called poſlive quantities. | 
* — Minus, e that che quantity to which 


Dd # | > it 
* : 2 \ ; 
* . 


n I. 7: 


it is prefixed muſt be ſubtracted. Thus, 4-5 ſigni- 
ſies that & muſt be taken from a; if 4 be 7, and. b, 5 
4 b expreſſes 7 diminiſhed by 5» „ 
"Quantities to which the ſign — is prefixed are 
: called negative quantities. : 
0. X Into, ſignifies that the quantities B 
which it ſtands are to be multiplied together. Thüs, 
à X b ſignifies that the quantity repreſented by à is to 
be multiplied by the quantity repreſented by b. * 
Ibis ſign is frequently omitted; thus abc ſignifies 
aX bXc. Or a full point is uſed inſtead of it; thus, 
IX 2 & 3, and 1.2.3 fignity the ſame thiws. 
51. If in multiplication the ſame quantity be repeated 5 
any number of times, the product is uſually expreſſed 
by placing above the quantity the number which re- 
preſents how often it is enten; thus , a & a, a K AX a, 
- 8XaXaXa, and 4, a,, af, a, have reſpectively the 
ſame fignification. Theſe quantities are called powers ; 


thus 45, is called the firſt power of a; a, the ſecond 


power or ſquare; 45, the third power or cube of 
a, &c. 

The numbers 1, 45 3. &c. are called the indic ces of 
a; or exponents of the powers of a. . 
52. + Divided by, ſignifies that the former of the 
quantities between which it is placed is to be divided 

by the latter. Thus, a+ 5 hgnifies, that the ; wary 
| #1 is to be divided by d. 
The diviſion of one quantity 8 daothis"? is he! 
| 8 Wee by 9 95 the Uridend over the 
TORE " 


* By 3 we a ſuch 3 as can . repre- 
. ſented by numbers; we may therefore without impropriety ſpeak of 
the n e &c. of quantities 1 8 each other. 


* # 


% 


as 2 DEFINITIONS. 


; diviſor with 0 line between them, in 2 caſe the 
expreſſion is called a fraction. Thus, fi gnifies a di- 


b 
vided by; ;and as the numerator, and the denomina 


tot of the fraction; ; alſo, .*. fi ignifies that 4, * 


e+f+g 
and e added together, are to be vided "OO e, f, and g 
added together; ſee Art. 10. 


53. A quantity in the n of: a taste is 
allo expreſſed by placing it'in the numerator, and pre- 
fixing the _— fign to it's index; bees 40, 
a3, a f gnify — 1 > 4 = = reſpeRtively ; 1 theſe are 
called the Mi powers of a. ATE OT 

54. The fign between two quantities $gnifie 
cher ference. x, is 2 & Or - a, according as a 


or # is the greater; and- ux ſignifies the oped or l 
difference of a and x. q ö 


55. A line drawn over ſeveral quantities f onifies = 


that they are to be taken collectively, and it is called 
a vinculum. Thus, 2 TNA e ſignifies that the 


quantity repreſented by 4 b Ar is to be multiplied by 
the quantity repreſented by de. Let 4 ſtand for 
63 5, LH 6, 4; d, 33 and e, 1 then a= e 18 6 — 
5249 or 55 and dei is Z=:; 1 or 2; therefore a-b+c 

Xd—e e is 5X2 or 10. ab—cd * 2 4 or ab ad. 
beate that the l enen Bl ab—cd' 1 18 to 
be multiplied by itſelt. 


506. == Equal to, fgnifies that the 8 7 | 
TIiveen which it it is b paced 1 are equal to each other; thus, 


, * : 
* N Ax — 2 
5 af E g 2 1 , 4 k . k ; 8 "a r " 
# . 9 S 7 * 1 6 - 1 * 
_ g 
23 * $4; 4 © £% 
: R 'P 1 4 11 


DEFINITIONS. 27 


FORE byzd +a, ſignifies that the quantity axby; is 
ow to the quantity cd+ad, 

57. The ſquare root of any propoſed quantity is „ 
quantity whoſe ſquare, or ſecond power, gives the pro- 


poſed quantity. The cube root, is the quantity whoſe 
cube gives the e quantity, mn 


eats: ory, 4 WS &c. are uſed to expreſs the 
ſquare, cube, biquadrate, &c. roots of the Taro 
before which * are _ 71 


VF Sa, 8 * 4, ie: | 

| Theſe roots are alſo repreſented | by the fractions 
2. 
2 3 4 | 
the right, Thus, 45 „4, a, 45, 8 * 
ſquare, cube, fourth and , root of a, reſpectively; 


af, A, a, repreſent the ſquare root of the fifth 
88 the cube root of the ſeventh e the fifth 
root of the cube of a. 


e. res a little above the quantities o 


quamities are ud 55 or . 


59. Points are made uſe of to denote ] proportion, 1 
thus, 4: U:: c: d, ſignifies „bende fame pro- | 
portion to that c bears to d. , 


60. The number prefixed to any quantity, and 
which ſhews how often it is to be taken, is called it's 
coefficient. Thus, 7, 6 and 3, are called the "moe 
of 7ax, 6b, and 342, reſpectively. . 5 
When no number is prefixed, the 8 is to be 
taken wet ch or the coefficient 1 is underſtood. _ 


- „ N Theſe 


— — — 
2 


——U— — 


— T —— — 
x wy — -< 


— 7 0 


———— —:. ĩ hed — —— —v2—]—a4 — 


— —— 3 rr 3 
—— a2 


þ 


28 DEPINETEONS. 


Theſe wnubery are ſometimes repreſented by letters 1 
Wed are alſo called coefficients. 

61. Similar, or like algebraical quantities, are uch as 
differ only in their coefficients; 4, ab, 94%, 36 be, 
are reſpectiy ely ſimilar to 1 5a, 3ab, 124 1 gabe, & c. 
nlite quantities are different combinations of letters; 
thus, ab, a*b, ab, abe, &c. are unlike. | 

62. A quantity is ſaid to be a multiple of another, 


when it contains it a certain number of times exactiy; 


thus, 162 is a multiple of. 4%, as it contains it exactly 


four times. 


63. A quantity 15 . a 1 0 5 2, another, when 


it is contained in it a certain number of times 1805 
i thus, 44 is à meaſure of 164. 


„ 


64. When two numbers have no common mea- 
ſure but , wah are- faid to be. 3 87 to r 
en eee ee e | 

$0 5. A \/ m/e 3 ERS is one Rick con- 


fits of © Bogle term, Mae 3 by 


as 1 or 20-30 r. A trinomial is a "quantity con- 
fiſting of three terms, as 2a+bd+3c.. F 
The following examples will ſerve to ilacttate the. 
method of repreſenting quantities e 
Let a8, =, c de; and e; then 
34 2 t "+ e nbc ol joe 
ab ce bd 56 ＋ 35827. . 


1 3 
e a TED eg 6 

eee. LEI 8. 5, 5 ao 13 writs 
3 csg 5 0 18 4 
128817. n hdg cn en? 


4 1 . Va 2 . y » 2 f «4 7 
= WT; K „ 2 8 4 


2 1 . " ay 0 5 * ? ws © * f 
e RITES 
a : 1 p L 3 
© 5 4 2 
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 AXIOMS. 


67. If equal. quantities be added to equal quantities, 
the ſums will be equal. 


-68. If equal quantities be taken from equal quan- 


| tities, the remainders will be equal. 


69. If equal quantities be multiplied by the hone, 
or equal quantities, the products will be equal. 
— "BE equa] quantities be divided by the ſame, or 
equal quantities, the quotients will be equal. 
71. If the fame quantity be added to and ſub- 
8 LY from another, the value of the latter will not | 
be altered. 

272 If a quantity be both dpd and divided 
by another, it's value will not be altered. 


' ADDITION oF ALGEBRAICAL 
QUANTITIES. 


7 3. The A Mirian of algebraical quantities 15 fits ö 
5 connecting thoſe that are unlike with their proper fi Sus, 5 
and collecting thoſe that are ſimilar into one ſum. 5 
Ex. i. Add together the following unlike quantities; ; 
a 
—by 
+: 
—ed 


— 


Sum is Rory? — 8 


Eu 3. 


30 ; ADDITION, 


Sum ee. 


2 7 TIS —— 
„ mn — Eo So 2 
— —— : 

nor <a 


It is immaterial in what order the quantities are ſet 
| down, if we take care to prefix to each it's proper ſign. 
| When any terms are fmilar, they may be incor- 
pPDPorated, and the * expreſſion for the ſum 
5 


1 "OS 
| 1. When / milar quantities have the [ame ſign, their 
dom is found by taking the ſum of the coefficients 
with that ſign, and annexing the common letters. 


Ex. 4 
„ 44*c— Tobde 
5235 6 = gbde 
44 75 14. 3bde 

Sum 2 105 15 Sum 2144 22bde 


The reaſon is evident; 5 to be added, together 
with 4a to be added, makes 9a to be added; and 36 
to be ſubtracted, together with 70 to be ſubtracted, is 
"206 to be ſubtracted. 

2. If fmilar quantities have d! herent "OR their ſum. 
is found by taking the difference of the coefficients 
vith the ſign of the greater, and annexing the common 
letters as before. 
N.. 
74730 
— "$0: a—9b 
Si 24 — - 64 


In 


' ADD1TION. 31 


In the firſt part of the operation, we have 7 times a 
to add, and 5 times à to take away; therefore upon 

the whole we have 24 to add. In the latter part, we 

have 3 times 5 to add, and 9 times & to take away; 

1. e. we have upon the whole 6 times & to take away; 

and thus the ſum of all the quantities is 22 — 6565. 

35 

a+b 

a—b 


Sum 2a *_ 


If ſeveral finular quantities are to be added together, 
ſome with poſitive and ſome with negative ſigns, take 
the difference between the ſum of the poſitive, and the 
ſum of the negative coefficients, prefix the ſign of 
the greater ſum, and annex the common letters. 
Ex. 7. 
3. ＋454— 10 
— of *+65c+ 2e—15 
4 ee — loel＋21 


Sum — 64* + be 9 9e *+16 


2 


The method 1 reaſoning i in this caſe 1s the fame as 
in the laſt example. 


Ex. 8 
. 
114 76'— 19ex 

© Nan + 6hd— de 


- 


Sum 14. 1 —..— 186 — 1 


6—— tas. . | 


* 
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9 SUBTRACTION. 


n 
5 . 1 geſ | 
ache & 


6 


— —_— * 


Such 74a. I. . Fs | * 


In this example, the coefficients of x und it's powers 


are united; PTA. * N +ax*; alſo q+6. * 2 = g 


B, becauſe the negative ſign, affects the whole quan- 
tity under the vinculum; and TI N= ru x. 


sUBTRACTION. 


74. Subtraction, or the taking away of one quantity 
from another, is performed by changing the ſign of the 
quantity to be ſubtrafted, and then adding it to the ler by 
the rules laid down in Art. 73. 


EX 1. 
Fi rom 2 bx take ey, and the difference 1 1s properly re- 
preſented by 2bx—cy; becauſe the — prefixed to cy, 


| ſhews that it is to be ſubtracted from the other ; ; and 


2 œ cy is the ſum of 25x and —cy, Art. 73. 


Ex. 2 
Again, from 2 bx take 5 15 and the difference is 


2bx+cy; becauſe 25 2 b& TC cy Art. 71, take 


away — cy from theſe equal quantities, and the dif- 
ferences will be equal; i. e. the difference between 2 bx 


and —cyis 2bx +cy, the qaptity; which ariſes from 
adding cy to 2 bx. | 


Ex. 3. 


} 


MULTIPLICATION. _— 


r 9 0 A 
From ar? From 64 123 
take 2 “ take 5. 106 


B . Diff. 114— 25 


— 


Ex. 5. 
FRY 544 445— —bxy 
take 114 + 6ab — 4xy 


| Diff. 6 — 20b= any | 


; Ex. 6. 
From 4a—3b+6c—11 
take 10 * 4— 15 — 29 


Diff = CEE 


"Ks 2 | El DT, \ 
From 4b + „„ 
take P — * +78, 


Diff. apa — hq Ty — 


— raann 


In this Sie the confficieets are united ; a — 7 * 


is equal to ax* — px; — 5.5 is equal to = bx* +g#"; ; 
and I T. = x. 


i 


 MULT IPLICATION. 


75. The eee of ſimple 8 quan- 
tities muſt be repreſented according to the notation 
pointed out Art. . OR 3 

i. C EN; "Thus, 
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34 - MULTIPLICATION, 


Thus, a & b, or ab, repreſents the product of a mul.” 
tiplied by 43 abc, the product of the three quantities 
a, band c. It is alſo indifferent in what order they 
are placed, a x band h x4 being equal. 

For 1Xa=aX 1, or one taken à times is the ſame 
with a taken once; alfo, þ taken a times, or & X a, is 6 


times as great as 1 taken a times; and a taken 5 times, 

or aN b, is b times as great as à taken once; therefore 
by Art. 6g. bXa=aXb. Allo, abe cab bea ach, 
&c. for, as in the former caſe, 1 XaXb=aXbX1;and 


cx Ah is c times as great as 1 XaXb; alloaxbXcis 


c times as great as ax bX 1; therefore ax bXxc=cxaXxb 
(Art. 69); and a ſimilar proof Fay. be Applied to the 
| Other caſes. 


76. To determine the | gn of the product obſerve 


the following rule : 


F the multiplier and. multiplicand have the ſame fie gn, 


tlie product is poſitive; ; if they have different ſigns, 1 1 15 


* 

I”. TN + bm +8b; ends} in this caſe à is to be 
taken poſitively þ times; therefore the oO ab muft 
be r 

2. —@X +b= ab; Peu —a is s to uy taken b 
fimes; that 1s, we muſt take — ab. 

3%. Ta -b=—ab; for a quantity is fad to be 


- multiplied by a negative number b, if it be ſub- 
' trated 3 times; and à ſubtracted ? times is —ab, 
This alſo appears from Art. 79. Ex. 2 


4. —aX Aab. Here a is to be Ges ed 


b times; that is — ab is to be ſubtracted; but ſubtract- 


ing — ab is the ſame as adding + ab (Art. 74)3 ; there- 
fore we have to add + ab, 


MULTIPLICATION: 35 
The: 24 and 4 caſes may be thus proved; a- 4 o, 


multiply both ſides by ö, and ab together with 


aN muſt be equal to 4X o, or nothing; therefore 
_ — a multiplied by & muſt give — ab, a ace which 


when added to 4% makes the ſum nothing. 
Again, 2 4 oo; multiply both ſides by 3, then 


— ab together with —aX —b muſt be = =0; therefore 
4 b= +ab. 


77. If the quantities to be multiplied have coeffici- 


ents, theſe muſt be multiplied together as in common 


arithmetic; the ſign and the literal OE Doug de- 


termined by the preceding rules, 


Thus, 3a & 54=1 ab; becauſe 3XaX 5Xb= 3X5 


XaXb=15ab (Art. 763 4* K 1 44x); — 
 9bX—gc=+450c; —6dX 4M= — 24md. 


78. The powers of the ſame quantity are multiplied 


together by adding the indices; thus, 4. X 4 =4*; for 
aa X aaa= aagaaa. In the ſame manner, Ke; 
and — 34 x Sry 1 


* 


79. If the multiplier or multiplicand conſiſt of 


ic terms, each term of the latter muſt be multi- 
plied by every term of the former, and the ſum of all 


the products taken, for the whole product of the two 
quantities. 


Ex. 1. Mult. 244 
NH by c+d_ 


* 


Prod. eee 


- ma "PET is to be added to ne +4 times, i. e. 


"c times and d times. 


. 


"TH. Ex, 2. 


7 


36 | MULTIPLICATION. 


Ex. 2. Mult. a 5 | | TEN 
by ; —4 | F $ 


n 
r 


Prod. ar+be—ad—bd di 


4% 


Here 44 is to be taken c -A times; that. is, times 


wanting 4 times; or c times elf and d times 
_ negatively, 


Ex, 3 Mult. 770 Ex. 4. Mult. ED 
by 42 ＋˙ 5 by . 
1 a +ab_ de | 0 ; Tab . ; 
 hab+8 LE. Fl 
Prod. 4 . Prod. * 55 
Ex. 5. Mult. 35 on bet. % 
by 3 *+46d 
Age: +2546 1 15 
1 44404 206"'d* 


8 5 Prod. 17 2 


Ex. 6 6. Mult. 424576 5 
| — 4 *—2ab +6 
2 T2 TCD 
24544 24b 
2 
Prod. af = 24 * +6 


Ex. 7. Mult. 1 =x+x* — of 


by 170000 
1=x+x* Wy . 
+x= x +8? — 


Prod, I, 121 „ * K 


* 8 — —_— mo —_— 


5 s HOL TU A. N v1 . 
Ex. 8, Moult. x*—px+9 


by x Tg 8 5 
pr T 
"Fa ONE, 


"Prot: bs þ> a +9—ap «nab... 


aha Vis 


| Here the coefficients of x* and x are collected; 
—Þ 4. x. = —px* +ax*; and ap. x = ap. 


#5559 a SCHOLIUM. 


80. The method of detcewining the ſign FS a pro- 
duct from the conſideration of abſtract quantities has 
been found fault with by ſome algebraical writers, who 
contend that — @, without reference to other quantities, 
is imaginary, and conſequently not the object of reaſon 
or demonſtration. In anſwer to this objection we may 
obſerve, that whenever we make uſe of the notation 
a, and fay 1 it ſignifies a quantity to be ſubtracted, we 
make a tacit reference to other quantities. | 

Thus, in numbers — 4 repreſents a number to be 
ſubtracted from thoſe with which it is connected; 
and when we ſuppoſe —a to be taken þ times, we 
muſt underſtand that à is to be taken 6 times from 
ſome other numbers. In eſtimating lines, or diſtances, 
— 4 repreſents a line, or diſtance, in a particular 
direction. The negative ſign does not render quan- 
tities imaginary, or impoſſible, but points out the 
relation of real quantities to others wich which they - 
are concerned, | 
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DIVISION. 
81. To divide oue quantity by another, is to determine 
how often the latter is contained in the former, or what 
quantity multiplied by the latter will give the former. 


Thus, to divide ab by à is to determine how often 
a muſt be taken to make up 45; that is, what quan- 


tity multiplied by @ will give ab; which we know is 6. 


From this conſideration are derived all the rules for 
the diviſion of algebraical quantities. 


82. If the diviſor and dividend be affected ith like 


ſigns, the ſign of the quotient is + : but if their ſigns 
5 be unlike, the ſign of the quotient is —. 


If —ab be divided by —a, the 88 is +6; * 
cauſe a * ＋ gives —ab; and a ſimilar proof may 


be applied to the other caſes. 


83. In the diviſion of ſimple n if the co- 


efficient and literal product of the diviſor be found in 


the dividend, the other part of the dividend, with the 
ſign determined by the laſt rule, is che quotient f 


Thus, = Se; becauſe ab multiplied by c gives abe. 8 


If we firſt divide by a, and then by b, the reſult will 


be the ſame; for = be, and 75 =C as-before, 


84. Cor. Hence, any power 4 A quantity is di- 


vided by any other power of the ſame quantity, by. 
taking the index of the diviſor from the index of the 
dividend. 


as as ; : 


Thus, e = —, = 43 (Art. 53) 3: . 


Bs, If 


DIVISION, 39 


8 5. If only a part of the product which forins the 
diviſor, be contained in the dividend, the divifion 
muſt be repreſented according to the direction in Art. 


52, and the quantities contained both in the diviſor 
and dividend expunged. 


PER 
Thus, 1 50% divided by — zel or 2 ve | es 
Firſt, divide by - 34˙, and the quotient is = gabc; 
this quantity is ſtill to be divided by & (Art. 83), and 
as x is not contained in it, the diviſion can only be 


. PE - > — Be 4 By | 
repreſented in the uſual way; that i is the © 


quotient. | 
86. If the dividend conſiſt of ſeveral terms, and _ 
diviſor be a ſimple quantity, every term of the divi- 
dend muſt be divided by it. | 
Thus 5 Ox — 739 
ax 
87. When the diviſor alſo conſiſts of ſeveral terms, 
arrange both the diviſor and dividend according to the 
powers of ſome one letter contained in them; then, 
find how often the firſt term of the diviſor is contained 
in the firſt term of the dividend, and write down this 


= — . 


quantity for the firſt term in the quotient; multiply 


the whole diviſor by it, ſubtract the product from 
the dividend, and bring down to the remainder as 
5 many other terms of the dividend as the caſe may 
require, and repeat the operation till al the terms are 
eons down. 5 175 
8 Ex 3 
If * - 24 be divided by a 6, the operation 
will be as follows : ; 


— 


O4 * 


40 8 DIVISION. | 
OO a=bu—2ab+(a—b. 
729 4 — 46 
BY ab+Þ. 
— ab + * 
; - | | ; 7 5 0 ; ” 


r 


before. 


obtained. 
Ex. „ 
ac ad be 
4 be | 
2 WTF 
| Coop ano - 
ae” 8 % wry 


The reaſon of this, and the foregoing rule, is, that 
as the whole dividend is made up of all it's parts, the 
diviſor is contained in the whole, as often as it is con- 
tained in all the parts. In the preceding operation we 
inquire firſt, how often @ 1s contained in , which- . 
gives a for the firſt term of the quotient, then mul- 
tiplying the whole diviſor by it, we have 4 ab 
to be ſubtracted from the dividend; 

mainder is - ab-+#*, with which we are to os as 


and the re- 


{ 


The whole quantity a and +Þ; 1 is in reality di- 
vided into two parts by the proceſs, each of which 
is divided by 4b; therefore che true quotient is 


Ex. 3. 


I 2 DIVISION. — 41 
Ex. 3. 3 
1 -) (rr N e. — | 
I —&X 

Ls | +x 
7 * 
Te 
A 6 9 

+ _. 

T = 


I &c. 
„ VVL 
„„ 
„1 £4 n 


＋ * 
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3 
71 
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— 


e an. 


| Ex. 3 
6 ah px -( 75 v2 e 


. x — ax" 


4 — 4 P. x⸗ 7 | 
2— cal — 4 Pa. x 2 
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42 FRACTIONS, 
ON THE TRANSFORMATION OF FRACTIONS 
| © TO OTHERS OF EQUAL VALUE. 


88. If the ſigns of all the terms. both in the nume 
rator and denominator of a fraction be changed, it's 


value will not be altered. Fot =© ri = +b= *" 
Es 3 why 5 = — ab 
— 4 a 


89. If the numerator and denominator of a fraction 
be both multiplied, or both divided by the fame 
quantity, it's value is not altered. 

For 5. 5 (Art. 85). 1085 - 

Hence, a fraction is reduced to it's loweſt terms, by 
dividing both the numerator and denominator by the 
greateſt quantity that meaſures them both. 

go. The greateſt common meaſure of two quantities is 
found by arranging them according to the powers of ſome 
letter, and then dividing the greater by the leſs, and the 
preceding diviſor always by the laft remainder, till tie 
remainder is nothing; the lajt dlviſor will be the greateſt 
common meaſure required. 
Let à and & be the two quantities, na” ele 
let þ be contained in a, p times, with a — _ 
remainder c; again, let c be contained in c) 


3, q times with a remainder 4, and ſo on — 
till nothing remains; let d be the laſt divi- d)c(r_ 
for, and it will be the greateſt common — 
meaſure of a and 5. 0 


91. The truth of this rule depends upon i thals two | 


CEL: : 
| 1% 


FRACTIONS. 43 
1*, If one quantity meaſure another, it will alſo 
meaſure any multiple of it. Let æ meaſure y by the 
units in , then it will meaſure cy by the units in ac. 

2%, If a quantity meaſure two others, it will mea- 
ſure their ſum or difference. Let à be contained in x 
m times, and in y, » times; then ma & and n= =); 
therefore xy =Ma=na = MEN. a; i.e. a is contained 
in x, nN times, or it meaſures re by the units 
in mu. 

92. Now it appears from the operation (Art. 90), 
that a p c, and b— ge=4; every quantity therefore 
which meaſures à and h, meaſures pb, and a—pb or c; 
hence alſo it meaſures gc, and 5 - gc or d; that is, every 
common meaſure of a and h meaſures d. 

It appears alſo from the diviſion, that a=pb+c, 
b=qc+d, c rd; therefore d meaſures c, and qc, and 
4c+d or h; hence it meaſures p and pb+c, or 4. 
Every common meaſure then of à and & meaſures d, 


and d meaſures à and 6b; therefore d is their n 
common meaſure. 


Ex. 
To find the greateft common meaſure of « and | 
2 ar +x , and to reduce g. ee to 
rann. + — &*X— ax * 


| it's loweſt terms. : 
as -A — ax aan cafe * (a T 
a* -A — a*x* ar 


ax +a * — 4 ** 
ax — A — ax* + x* 
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{ure of a, h and c. 


N enn 


leaving out 2* , which is found in och term of the 
remainder, the next diviſor is * — x*. 


ax 0 e x — ax* ＋ 0 
2 - | 
Lr Tr. 
_ OE — ax +x* 
. 


a —x* is therefore the greateſt common meaſure of 
the two nit and if they be reſpectively divided 


2 2 


x 
by 2 the faction 18 reduced to — me it's loweſt 


— — 


SATs | 


The quantity 24“, "RET" in every term of one of 
the diviſors, 2. 2x*, but not in every term of 


the dividend, Des ax*+x3, muſt be left out; 


otherwiſe the quotient will be fractional, which is con- 


trary to the ſuppoſition made in the proof of the rule: 
and by omitting this part, 2x*, no common meaſure of 


the diviſor and dividend is left out; becauſe, by the 


_ ſuppoſition, no part of 2 & is found in al. che terms of 


the dividend. 
93. To find the greateſt common meaſure of three 


quantities a, ö, c, take d the greateſt common meaſure, 
of @ and b; and the greateſt meaſure of d and c, is 
the greateſt common meaſure required. 


Becauſe every common meaſure of a, h and c, mea- 


ſures d and c; and every meaſure of d and c meaſures 


a, b and c (Art. 91) ; therefore the greateſt common 
meaſure of d and c muſt be the greateſt common mea- 


FRAGELONS LEY x 


94. In the ſame manner, the greateſt common mea- 
ſure of four or more quantities may be found. 
The greateſt common meaſure of four quantities, 
4, b, c, d, may alſo be found by taking x the greateſt 
common meaſure of a and b, and y the greateſt 
common meaſure of c and d; then the greateſt com- 


mon meaſure of x and y will 5 Fre common meaſure 
required. 


. It one nnthber be divided by noir, and the 
preceding diviſor by the remainder, according to Art, 
go, the remainder will at length be leſs than any 
quantity that can be aſſigned. 

For a=pb+c; and b, and conſequently pb, is 
oy than c ; therefore mn Te, or a is one” than 20% 


and © is greater than 1 therefore from a, a quantity | 


greater than it's half has been taken; in the ſame man- 

ner, when „ is the dividend, more than it's, half is 
taken away, and fo on: but if from any quantity 
there be taken more than it's half, and from the re- 
mainder more than it's half, and ſo on, there will at 


length remain a quantity lefs than any that can be 
aſſigned (Euc. I. 10). 


96. Fraftions are changed to others of equal value 
with a common denominator, by multiplying each numerator 
by every denominator except it's own, for the new nume 


rator; and all the denominators together for 1 common 
IO 


rd 3 : adf_ 
Let 5 5 7 7 be a propoſed fradtions chen Fa 
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former, having the common denominator bdf: for, 
adf _a cbf _c edb e- 

5% bdf dend, (Art. 30); the nume. 
rator and denominator of each fraction having been 
multiplied by the ſame quantity, viz. the product of 
the denominators of all the other fractions. : 


97. When the denominators of the . 


tions are not prime to each other, find their greateſt 
common meaſure; multiply both the numerator and 


denominator of each fraction, by the denominators 


of all the reſt, divided reſpectively by their greateſt 


common meaſure; and the fractions will be reduced 
to a common denominator in lower terms“ than they 


would have been by proceeding - according to the 


former 9 0 


mx m 
ayz bx2 cxy 


mæayx mον mæ yx 


„„ | 57 
Thus, — 558 reduced to a common denomina- 


— 


ON THE ADDITION AND SUBTRACTION 
PL OF FRACTIONS. 


98. If the frafions to be added have a common deno- 


 minator, their ſum is found by adding the numerators 


together and e the common denominator. 


T hus, 5 7 +5 Eo . This follows from the prin- 


ciple laid down in Art. 87. 
155 | 99- If | 


* To obtain them i in the le omg. they muſt each be PAL 
to others, of equal value, with that denominator which is the leaſt 


common multiple of all the denominators, Vid, Art. 374- | 


5 


FRACTIONS. 47 


99. If the fractions have not a common denomi- 
nator, they muſt be transformed to others of the fame 
value, which have a common denominator (Art. 96), 
and then the addition may take place as before. 


Ex. 2 
2 2 _ad bc _ad+bc 
n 
Ex. 3. e 
CCCCCCPPT en. 
a+b' a-b 4 2 — 5 4 3 
— 28 
* = N fe, 
Ex. 4. 
„ 
Here a is confi dered as 
1 0 
2 a fraction whoſe Wenotunater 1 is 5 
e 25 4 4 — 
ee "3 r 
a —2ab+b _ na 20d $40 — 2ab +} 
. . 
Aa" ö | 


be a* — b* ; oe. 
100. If two fractions have a common denominator, their 
difference is found by taking the difference of the numera- 
tors and e tie common denominator. 

c 


Thus, 5 121 — F (via. Art. 87). 


101. If * hives not a common denominator, they 
muſt be transformed to others of the ſame value, 
Which 


48 FRACTIONS. 


which have a common denominator, and then the | 
ſubtraction map take PI as before. 


cd MS: | 2d. _ab—cd 


| | Ex. 4 
'a C _ ac-ad Sha. dc ad — be bd 
5 =d he= 388, ni Ho 
The ſign of 5d is negative, Wee every part of the 
latter fraction! 18 to be taken from the former. 


UV 3 . ö 
yo - ab 4 $40 8 Ain 
pon hk a+b I — . a* — 7 85 
L244. 426k. Pat. 


BS OF 


ON THE MULTIPLICATION AND DIVISION 
OF F RACTIONS. 


102. A buli is multiplied by any quantity by multi- 
plying the numerator by that e and retaining tlie 
denominator. 


Thus, 3 3 N e225 1 ; for if the quantity to be divided | 


»-Y — — — —— — — - — 2 wn = 
— Td ap ee — — PR On — — —— — — — — ——2 ᷑ — 2 « 
— — —— Ret — — <EIſ —— — Naas. 5 — ef Aa way eo; a A90fs - > PEE yr DECAY ——— — — 


U 
4 
WV 
ey. : 
þ 4h 
Wt, 
i 
1711 : 
ik 
+88 
* is 
. 
27 
. 
#54 
5 
11 
748 
44 
35:88 
wy 
y 
Tü 
t 14 
453% 
vt 
8 
4c NI 
. 
0 1 
at 
* it 
. 
3 
89 
n ! 
1 
ig 4 
7 
* M8 
ff 
_ 
* 1 
1 J 
27 : 
Mt 
= # 
} 115 
- © ak 
if 
177 
it 
. 
4 4 
14 
17 
if 
* 
4 
L. 
if 
is 
_— 
. 
9 
3 
. 
' 
_ 
7 1 1 
1 
7 
ths 


be c times as great as * and the diviſor the ſame, 
the quotient muſt be 6 times ; as great. 


4 a 


2 — 
——— 499 5» 


— 
— 


*. 
on nent 5 - 


— 
=> 


— 
—— — — — 
—ů—— — 


— 
2 
. . 
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FRACTIONS. 49 


10g. cor. Fe 1 That is, if a frac» 


tion be multiplied by It's denominator, the 8 is 
the numerator. 
104. Cor. 2. The reſult i is ; the ſame, whaker the 
numerator be multiplied by a given quantity, or the 
denominator divided by it. Let the fraction be 0 3 


and let it's numerator be multiplied by c, the reſult ; is 


ce ors 125 (Art. 89), the quantity which ariſes from 


dass It's denominator by c. 


10 5. The produłi of two fractions is found by cads- Ts 


Plying the numerators together for a new numerator, and 
the denominators for a new denominator. 


T2 S 4 
Let you © be the two o fractions; then © 45 277 


£ For if5 zx, and 7 =, by multiplying the equal quay- 


: tities 3 i and x, by b, a=bx (Art. 69); in the ſame man- 


ner, c=dy; therefore, by the ſame axiom, des bdxy; 5 
dividing theſe equal CO ac and bax 55 by bd, 


a 


we have 54 5 n Art. 00. 


wy” * To divide a fraftion by any quantity, multiply 
| the denominator 0 that nds. * retain the nume- 


rator. 
The fragticn © : dirided 0 6, is . Becauſe 7 1 "> 


| Vor. 1. 1 1 | gt 


80 . FRACTIONS. 
| and a. part « this 85. the quantity to be divided 85 


being a © part of what it was before, and the rater 
the ſame. | 


10. Cor. The reſult is the ame; whether the deno- 


minator is multiplied by the n. or the numerator 5 


divided by it 3 
Let che fraction be 745 q if the denominator be 


multiplied by c, it becomes 5e or ; 555 the quan- 
tity which ariſes from dividing 5 numerator by c. 


1008. To divide one fraction by another, invert the 
numerator and denominator of the diviſor, and PIPE as in : 


multiplication. 
Let 3 and a - be the two fractions, then ; = ; = 
5 5 
b * 2 Pe 


For if 7 = «and, =5, then as in Att. 105, 
4 ba, be c=dy; allo. ad=bdx, and bc = =bdy 3 


i 72 = 24 * 4 TS 
therefore by Art. 70, 7- 7 ay © 7 =; + 7 


Io. The rule for 1 the Powers of "PR | 
ſame quantity (Art. 78), will hold when one or both £ 


l the indices are negative, 


Thus, oe for a GX" =" x 77 POR 
8 „ 4 2 3 
S 1 R „. ar 


7 


| (Art. 83) 


INVOLUTION AND EVOLUTION. mm - 


x 


Again, N e ;becauſeg "xam"= * 


— * 
23 pn 


(Art. 53), e 8 e 1 andy 
110. Cor. If n =1, N e - af; allo axons 
=D=1; therefore = 13 according to the notation 
adopted. 3 SEE 

11t, The rule 1 weiche any pomer of a 3 


tity by any other power of the ſame quantity om 


84) holds, whether theſe e are Poſitive or 


negative. „„ 5 i OY 


Thus eee, Gan. 53), = Sener. 


=Ztan. 108) =o | 


— 


4 

Again, — _ * = . ＋ 
112. Cor. Hence it appears, that a no may be 
transferred from the numerator of a fraction to the 


denominator, by changing the "0" of it 8 den For 


. 


>, 


, ON INVOLUTION AND EVOLUTION. 
113, If a quantity be continually multiplied * 5 


itſelf, it is ſaid to be involved, or raiſed; and the power 
to which it is raiſed, is expreſſed by the number of 


times the quantity has been a copplaged | in the mul- 
tiplication. | 


* 


. 1 | 


82 | | 1xvoLUTION. 


Thus, aX a, or 4 is called the ſecond power of a; 
2X 4 Nc a, or a, the third power; a", the m power. 
114. If the quantity to be involved be negative, the 


ſigns of the even powers will be , mo the lens 
of the odd powers negative. Bs, 


Far- — 0X —-a=4* 3 — aX ON | 8 &c. | 
115. A ſimple quantity is raiſed to any power, by 
Ws Fs the index of every factor in the quantity 


by the exponent of the power, and prefixing the FO. 
fi fign determined by the laſt article. 


Thus, a" raiſed to the #* power is a”. Becauſe * 
4 N G.., to n factors, by the rule for multiplication, 
is a; alſo, 250 Sab x ab x ab x &c. to # factors, 
or a C a. . to n factors XbXxbXb.... to n fac- 
tors (Art. 75), K and 4b raiſed to the fifth 
Power is 40 518. Alſo, —4" raiſed to the * power 
is = a"; where the poſitive or negative ſign 1s to be 
prefixed, according as # is even or odd. 
116. If the quantity to be involved be a Fado, 
both the numerator and denominator muſt be raiſed to 
the propoſed power (Art. 105). 
117. If the quantity propoſed be a candor one, 
the involution may either be repreſented by t the proper | 
inder, or it wy actually take . 


PF 0 
' 


5 Let 54 be the quantiry to ;be raiſed to "Ong poyer. 
 a+6- 
4 


a* 4a? 
1 e 
at TON or *+206+6 the ſquare, or 2 power” 2 
a+b | 
5a 
T2 


55 eee. the 3 power. 2h. 
RR e a+6 | 


= , e 
+ d*b + 3a 4 +3aP +68 


4 T of 4 L405 +6 +448 +Þ8 the 4* power. 


If b be negative, or the quantity to be involved be a— , 
whenever an odd power of 6 enters, the wa * the 
term muſt be e (Art. 114). 
Hence 2 a* — 44˙ 645 — 4a6 +6. . 
118. Evolution, or the extraction of roots, is the 
method of determining a quantity which raiſed to a 
propoſed power will produce a given quantity. 


119. Since the 2 power of 4” is a, the 1 root 
of a muſt be 4 i.e. to extract any root of a ſingle 
quantity, we muſt divide the index of the MO | 
quantity by the index of the root required. 


120. When the index of the quantity is s nat ex- 
actly diviſible by the number which expreſſes the 
"ot to de extracted, that root muſt be repreſented 


5 # nn 


— — 
= 


—U—ääĩ— — — b 
* T 


"NN 7 EVOLUTION, 


15 according to the notation pointed out id” Art. 57. 
Thus, the ſquare, cube, fourth, * root of 4 *+x*, are 


| reſpetively repreſented 3 8 OE ol, 4. ＋ , Sr, 


* 


5 | 
a TV, the ſame roots of T= IIs © or a+. , are re- 


bekened ya TS „ FF" WT, T. 


121. If the root to be extracted be expreſſed by 


an odd number, the ſign of the root will be the ſame 
with the ſign of the propos Wen, as $ appears by 8 
Art. 1 114. 


122. If the root to ) be extracted be expoſed by an 


even number, and the quantity propoſed be poſitive, 5 


the root may be either poſitive or negative. Becauſe 


either a poſitive or negative quantity, raiſed to ſuch a 


Power, is poſitive (Art. 114). _ 
123. If the root propoſed to be extracted be ex- 


— preſſed by an even number, and the ſign of the 
propoſed quantity be negative, the root cannot be 


extracted; becauſe no quantity raiſed to an even 
power can produce Mp are dan OY roots are 


called impoſſible. 


124. Any root of a preduct may i Kd by taking 
that root of each factor, and ee the won ſo 


8 taken, together. 


Thus, 20 = 4. * 7 becauſe ach of theſe quan- 


tities, raifed er the 10 Pe is wh K 115). 


Cor. If a=b, hep aN =; and in the dine 
465 ON I 1; go 43. L - *. 
manner, a" * 4. N 4 * * Tip 


125. Any 


» 


EVOLUTION. 85 


125. Any root of a fraftion may be found by 


taking that root of both the numerator and denomi- 
; nator (Art. 146) ; 


a* az 


Thus, the cube root of 4 ow or of x **, 


h is 5; 
and = 


5 126. 25 6 0 extraft the ſquare root of a compound chin 


Since the ſquare root of 4 *+2ab+08 1 is a+6 (Art. 
1 15 whatever be the values of a and 5, in order to 
obtain a general rule for the extraction of the ſquare 
root, we muſt obſerve in what manner à and 6 my be 
determined from a*+24ab +7. ENT 


Having arranged the 4 ＋ 245 + ba + b 
terms according to thedi- " Ny 
menſions of one letter, a3, — 
the ſquare root of the firſt 24 f4ͤb) 24 .] e 
term, a“, is a, the firſt fa okra | 
tor in the root; ſubtraſagt 
it's ſquare "Rds the whole >. 


quantity, 'and bring down the remainder 2ab+Þ; 5 
divide 246 by 2a, and the reſult is &, the other factor 

in the root; then multiply the ſum of twice the firſt 
factor and the ſecond (24+6), by the ſecond (5), and 
ſubtract this product (2 45 f &) from the remainder. 
If there be more terms, conſider 4 ＋ b as a new value 


of a, and it's ſquare, that is 4 24 b, having, by 


the firſt part of the proceſs, been ſubtracted from the 
propoſed quantity, divide the remainder by the double 

of this new value of a, for a new factor in the root; 
and for a new ſubtrahend, multiply this factor by 
. D * n | twice 5 


= EVOLUTION. 
twice tlie ſum of the former factors increaſed by this 
factor. The proceſs muſt be repeated till the root, 


or the Oey” e to the root, is ob- 
tained. . 


Ex. 1. 
To extract the ſquare root of a wa 40 Es 
24 ＋ 2c; or of it's equal a* + 2a * 
2 FT. e e 
a *+2a+d. arte erer. 


2 


e 
24 ＋5.6 


— 


2202 TTT 
| netaF+c.c 


EF ; | 2 | 


To extract the ſquare. root of a ax+ T . 


„ © 0 ag 
1 4 2 
_ | 
g * x : ] x | „ 
' 2a==) -ax+— 
— ak + — 
$2704 . 


7 | Ex. 3 


EVOLUTION. 7 


Ex. 3. 
[I'S extract the woo? yer of 1+x. 
I+x(1 +; 3 "ie. 
1 
2+5) * 
es 
x += 
3 
af = of 
2 * — 8 Ro 
„ 
a 
ee 


127. It appears from the bed example, chat "IP 


* 
trinomial a*—ax + , in which four times the pro- 


duct of the firſt and laſt terms, is equal to the * 


x of the middle term, is a complete ſquare. 


128. The method of extracting the cube root is 
diſcovered i in the ſame manner. | 
I be cube root of Lg bK gb L h is . (Arts. : 

117, 118); and to obtain a+6. from this compound 
quantity, arrange the — 4 3 b+ 348 U 


terms as before, and „% 
the cube root of the 3a) 36 4+ 306 +8 
firſt term, al, is a, the 3 ⁹j%ᷣ gab + 

„ Sing 


firſt factor inthe root; *® 
TOE 72 85 ä 


| | / 
" EVOLUTION. 


ſubtract it's cube from the whole quantity, and. divide 
the firſt term of the remainder by 347, the refult 
is 3, the ſecond factor in the root; then ſubtract 
5 30 b+3ab6 +1 from the remainder, and the whole 
cube of a+d has been ſubtracted. If any quantity 
be left, proceed with 4 ＋ as a new a, and divide 


the laſt remainder by 3.a+6\* for a third factor in the 


root; and thus any number of factors may be 
obtained. 


SCHOLIUM. 


129. The rules above laid down, for the extraction 
of the roots of compound quantities, are but little 
_ uſed in algebraical or fluxional operations; but it was 

| nectflary to give them at full length, for the purpoſe 

of inveſtigating rules for the extraction of the {quare 
and cube roots in numbers. | 
The ſquare root of 100 is 10, of 10000 is 100, of 
1000900 is 1000, &c. from which conſideration it 
follows, that the ſquare root of a number leſs than 100 
muſt conſiſt of only one figure, of a number between 
© foo and 10000 of two places of figures, of any num 
ber from 10000 to 1000000, of three places of figures, 

Kc. If then a point be made over every ſecond figure 

in any number, beginning with the units, the number 
ol points will new the number of figures, or places, in 

the ſquare root. Thus the ſquare root of 43 57 con- 


fiſts of two figures, the ne roat of 56478, of ties. | 
* „ 


4 N Y 4 bo - * > 
+ ; 2 
8 
a 
. { . 
n a 0 
y * * Go 
* * 


_ $QVARE ROOT. b 9 
Let the ſquare root of 4357 be een 


"Hh pointed it ac e 
cording to the direction, 43 "nl 60+6 or 66 
it appears that the root 3600 [the root. 


conſiſts of two places of 120 6) 757 

figures; let a+6 be the or 126] L 
root, where à is the value | L _ 1 remainder. 
of the figure in the ten's TENG 
place, and 5, of that in the unit's ; - hawk is @ the wk | 
| ſquare root of 4300 which does not exceed the true 
root, this appears to be 60 ; ſubtract the ſquare of 60 
(a) from the given number, and the remainder is 7 57 
divide this remainder by 120 (2a), and the quotient 
is 6 (the value of 5), and the ſubtrahend, or quantity, 
to be taken from the laſt remainder 7 57s is 126 N, 
(2a Pb. 5) or 756. 85 


It is ſaid that a muſt be the vieateſt number bete 
ſquare does not exceed 4300: it evidently cannot be 


a greater number than this; and if poſſible let it be 


ſome quantity x, leſs than this; then fince x is in the 
ten's place and 6 in the unit's, x +6 is leſs than az 
therefore the ſquare of x +5, whatever be the value of 
, muſt be leſs than , and conſequently x +b leſs 
than the true root. 
If the root conſiſt of three places of figures, let a 
repreſent the hundreds, and 4 the tens; then having 
obtained à and & as before, let the new value of @ be 
the hundreds and tens together, and find a new 
value of 5 for the units: and thus the proceſs may 
be continued when there are more en of , in 
the root. | 


130. The : 


60 SQUARE ROOT. 


130. The cyphers being omitted for the fake of 
expedition, the following rule is obtained from the 


foregoing proceſs. 3 ge 
Point every Second FIR 
beginning with the unit's EET 57(66 
Place, dividing by this means 36 
the whole number into ſeve- 126) 757 
ral periods; find the greateſt _ 7406 
number whoſe ſquare is con- 88 


tained in the firſt period, 
this is the firſt figure in the root; ſubtract it's PIs; 
from the firſt period, and to the remainder bring down 
the next period; divide this quantity, omitting the 
laſt- figure, by twice the part of the root already 
obtained, and annex the reſult to the root and alſo to 
the diviſor ; then multiply the diviſor, as it now ſtands 
by the part of the root laſt obtained, for the ſubtra- 
hend. If there be more periods to . down, the 
proceſs muſt be repeated. 


Ex. 2. 
Let the FER root of 611 524 be required, 


61 1524(782. 
49 


14601215 
1 N 


—— 


——_— 


1562) 3124 
3124 
* 


— — 


131. In 


5 . CUBE ROOT. 61 
1 31. In A the (quare root of a decimal, the 
pointing muſt be made the contrary way, beginning 
with the place of hundredths, or care muſt be taken to 
have an even number of decimal places; becauſe, if 
the root have 1, 2, 3, 4, &c. decimal places, the ſquare 
_ have 2, 4, 6, 8, 85 places (Art. 38). 


3 = 
To ertract the ſquare root of 64.8 5 3. 


64. 3530.53 &c. 


1605) 8530 


* 


16103). 50500 
49309 


— 


3 &c. 


2 


9 


F or every pair of e which we ſppole an- 
nexed to the decimal, another Eure is obtained in 
the root. 5 
132. The cube root of 1000 is 10, of 1000000 is 
100, &c. therefore the cube root of a number leſs 
than 1000 conſiſts of one figure, of any number 
between 1000 and-1000000, of two places of figures, 
Kc. If then a point be made over every third figure 
contained in any number, beginning with the units, 


the number of points will ſhew the number of Pes 5 
in it's cube root. 5 


Let the cube root of 40 5224 be ke 


ne. 


i 
| 
4 | ae 
[ 


— 5 = — 
— Nod — 
_ 


_ — —— 

: - 70 — 

os ——— ̃ͤ H—?— . — 5 
S ; 


— — nr I og en" — = — 
INTE. —_— 2 A 8 
— ä— . — — 
— e ; — 
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62 | CUBE ROOT. 
1405224(70 +4 
= ä ph 


3 1470 62224 the firſt remainder, 


62224 ſubtrahend. 


* 


By pointing the number according to the direction, 


it appears that the root conſifls of two places; let a 
be the value of the figure in the ten's place, and 3, 
of that in the unit's. Then @ is the greateſt number 
whoſe cube is contained in 405000, * or 70; ſub- 
tract it's cube from the whole quantity and the 
| remainder is 62224 ; divide this remainder by 344, or 
14700, and the quotient 4, or 6, is the ſecond term 
in che root: then ſubtra the cube of 74 from the 
| original number, and as the remainder is nothing, 
74 is the cube root required. Obſerve, that the 
cyphers may be omitted in the operation; and that 


as 4a* was at firſt ſubtracted, if from the firſt remainder, 


980 5 434 +6 be taken, the whole cube of * 
will be taken from the original quantity. 


133. Ig extracting the cube root of a decimal, care 


muſt be taken that the decimal places be three, or ſome | 


multiple of three, before the operation is begun; be- 
cauſe there are three times as many decimal places in 
che cube as there are in the root (Art. 38). 


Ex. > 
Required the cube root of 31 1897. 91. 


311897.910 
See Art, 129. c 


r © by 


EN i 


216... 4 
34 108. ) 2 firfl remainder 
1756. .= 30 
882. 8 
343 =& 


EE. 5 54763 ſubtrahend 


a Ts» * 


34 213467 11349754 > ſecond remainder. : 


| the new value of 4 is 670," or, omitting the cypher, 
67, and 34, the new diviſor, is 1 * hence 8 is 
the next figure in the root; and 
LS s 107736. .=30b 
A. 5 . = 3 
eee eee 512 f 


1 10902 7 52 f fubtrahend | 


8 I 4 3 the third remainder, 


— — 


It appears from the wointing; that there is one 
decimal place in the root; therefore 67. 8 is the root 
required, nearly. If three more cyphers be annexed 
to the decimal, another decimal place is obtained in 
the root; and thus approximation may | be made to 
the true root of the n, e to wy degree 
of accuracy. 
| Since the firſt remainder is 2b + — the 
exact value of + is not obtained by dividing by 
34, and if upon trial the ſubtrahend be found to be 
greater than the firſt remainder, the value aſſumed for 
bi is too great, and a leſs number muſt be tried. The 


greater 


64 | SIMPLE. EQUATIONS. 


- 


greater @ is with reſpect to b, the more nearly i is the 
true value obtained by diviſion; and when a few places 
in the root are found, the number of figures may 
W be doubled, by diviſion * 


ON ' SIMPLE EQUATIONS. 


134. If one 8 be qual to another, or to 
nothing, and this equality be 1 gr 5 
it conſtitutes an Equation. : 

Thus, x—a=b—x is an equation, of which * 4 
forms one fide, and i- x the other. 6-4 
135. When an equation is cleared of fractions and 
ſurds, if it contain the firſt power only of an unknown 
quantity, it is called a ſimple equation, or an equation of 

one dimenſion: if the ſquare of the unknown quantity 
be in any term, it is called a quadratic, or equation of 
two dimenſions; and in general, if the index of the 
higheſt power of the unknown quantity be u, it is 
called an equation of 1 dimenfions. 

136. In any equation, quantities may be tranſpoſed 
from one fide to the other, if their fans be * ed, and 
the two ſides will ſtill be equal. _ 

Let x+10=15, then by fubtradting 10 from doch 
ſides, x +10—10= 15 — 10 (Art. 68), or K 15 — 10. 

Let x— 46, by adding 4 to both ſides, a * — "Obs. 
wht or x =6 +4 (Art. 67). 

If x—a++b=y; adding a—b to both ade, „ 
+b+a-b=y+8—b; or NH-. 
137. Cor, Hence, if the ſigns of all! che terms 

on each fide be changed, the two ſides will till be 


| SIMPLE EQUATIONS. | 65 
Let x—a=b—2x; by tranſpoſition, — b + 2x= 
xa; or 4-x=2x-b. \ 
138. If every term, on each fide, be multiplied by the 
lame quantity, the reſults will be equal ( Art. 69). 


139. Cor. An equation may be cleared of fractions, 
by multiplying every term, ſucceſſively, by = deno- 
minators of thoſe fractions. 


Let 3 =343 muliphing by 4, 1224 5 | 
136. (Vid. ak: 103). 


An equation may be cleared of fradtions at once, 7; 
by multiplying both ſides by the product of all the 


denominators, or by any quantity which i. is a multiple 
of them all. 3 | 


Let? + - E+2 = 13; ; mukipling by 2 * 


N LXANAax; XX=2X XxAN Ig, or 
12x+8x+6x=312; that is, 26 2 312 


If both ſides be multiplied by 12, which | is a mul 
tiple of 2, 3, and 4. the equation wall become = — 7 


E + i = = 1361 or 6rp4r+30= 156 "ar is, 


13* 156. 


140. F each fide of an equation be divided th the 
ſame quantity, the reſults will 1 4 


Let 15r 136, then x = = =& (Art. 700. 


I: I 


_® If the hat common axltigle be made aſe of, the un vin 
be in the loweſt terms. | 


Vor. I. * | E | 


— 


| 
C 
"oi 
| 
03 
5 
1 
1 
1 L 
. 
| 


: F 


66 SIMPLE EQUATIONS 


141. If each fide of an equation be raiſed to the "ne 
pong the reſults will be equal. 

Let æ 2 93 then æ g9X9= =81 (Art. 69). 
Alſo, if the ſame root be extracted on both ſides, £ 


the reſults will be owl: 


Let x=81, then x =9 (Art, 118). 


142. To find the value of an unknown quantity in a 
ſimple equal ibn. 
Loet the equation firſt be cleared of fractions, then 
tranſpoſe all the terms which involve the unknown 
quantity to one ſide of the equation, and the known 


quantities to the other; divide both ſides by the coeffi- 
. cient, or ſum of the coefficients, of the unknown 


quantity, and the value required 1s obtained. 


To find the value 1 p in the equation 3s * — 5 2 
8 3x * = 23+5 lan. 136) 
or 425 28 
by divifion x = 7 = 7 (Art. 140). 
Ex. * | 
Le. ＋ — | 17 


Mult. by 2, 3 2x +3 —- T” 997 FI 34 


Mult. by 3, and 6x+43v= 2X =24%x— 102 (Art. 139). 

by tranſp. 6X+3X=2%—24X==—=102 
*.0f —I7x%=—102 

17&=102 (Art. 1370 


EE 


Ex | . 
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* +ba=cax 
ca 
or cax—x=ba (Art. 1370 
1. e. ca- 1 * ba 
5 ba 


SS -A = 33 
8 = 4733 1x 
84 = 12* 


2 4324 — — 
6x+9x—15= 72—4x+8 
bxr+9gx+4x=72+8+15 
unn 


YL 55 1% 


3 $IMPLE EQUATIONS. 


143. If there be two independent ſimple equations 
involving two unknown quantities, they may be re- 
duced to one which involves only one of the unknown 
quantities, by any of the following methods : 
| 1* Method. In either equation, find the value of one 
of the unknown quantities in terms of the other and 
known quantities, and for it, ſubſtitute this value in 
the other equation, which will then only contain one 
unknown quantity, whoſe value may þ be found by the 
rules before laid down. 


<Lat 1555 wy __ find x and y, 


2X— ZY=5 
from the firſt equat. FRO FINS 2X=20= * 
| by ſubſt. 20 25 3955 
; 20 — S 2 % 
1 
SAS 
2 5 — 3 


hence alſo, x= Io-y= I0=3=7- 


2 Method. Find an expreſſion for one of the 
unknown quantities, in each equation; put theſe 
expreſſions equal to each other, and from the re- 


ſulting equation the other unknown We may be 
found. 


bx + 
from the firſt equat. x =a—y 


from the ſecond, be deen or — 


Let [cons Ito find andy, 


therefore a— ”= k 
ba=by 
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ba—by=de—cy 18 
cy - Y de- ba 
0b. y de- ba 

de - 64 | 
FR EDS 
alſo x = =4a—Y; that 1 is, . 
de - b ca ba del 
o b EP 


X=4a= 


ca- de 
LS he . 
3 Method. If either of the unknown quantities 5 
have the ſame coefficient i in both equations, it may be 
exterminated by ſubtracting, or adding, the equations, 


according as the fign of the unknown quantity, in the 


two caſes, is the ſame or different. 


Ex. Let (ss )ro find rand. 


By ſubtraction, 25 , andy 4 
hy addition, 2 * 22, and x 11. (Art. 67). 
I the coefficients of the unknown quantity to be 
exterminared be different, multiply the terms of the 
firſt equation by the coefficient of that unknown 
quantity in the ſecond, and the terms of the ſecond 

equation by the coefficient of the ſame unknown 
quantity, in the firſt; then add, or ſubtract, the re- 
ſulting dete as in the former caſe. 
Ex. 1. Let . ro find and y. 
Multiply the terms of the firſt equation by 2, and the 
terms of the other by 3, cs 
then 6* 10926 
GX ＋ 215 = 243 : 
E 3 By 


W SIMPLE BQPATIONS. 
By fabtradtion, —ZJLy=— 7 
5 fo 
and y= Thx 


| allo 335-13 0r 33513 
therefore 3X=13+3 5=48 


and * =" . 16. 


Ex. 2. 
Let 5 {chap ro fn find x randy. 
From the firſt, max +mby=mc 
from the other, max —nay=ad _ 
by ſubtraction, mby+nay=me=ad 


mc ad 
therefore, „=, 


« ——— Ine 2 5 1 _—_— TOS 0; — 2. — 
3 — _ A * - ook K 32 2 3 = 2 
== Din —— : a 
ee nn — on ene nn > — — * 3 — rr re 88 He 
= EEE YE EE IE IR ———— ů ED IEEE EF * 8 - 


mo +na 
| Again, nax+nby=nc 
mbx—nby=b4 
by addition, na+mbax=nc+bd 


therefore, * ne+bd 
ems 


Ex. „ 


(3*= 2 247. 


2 


To find x and y. 


5 From the fiſt e equat. 3 9 64 22 
15* N 25 J 30.429 
1% 4 i 230 

11* 270. 30 


from 
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; from the ſecond equar. 32-x+23=E4V=ax44 5 
96 — e e e 
96 = G X T4 by 
or x- 25 96 
and 11x#—27y=—30 
hence 99 2252 1056 
and 99 — 243y= 270 
22152 1056 270 1326 
"2986-5 
7= 25 ® 
alſo gx—2y=96 
or g = 12296 
o 96 12108 


. 
X = — 212. 


144. If chere be three independent ſimple equations, 
and three unknown quantities, reduce two of the 
equations to one, containing only two of the unknown 
quantities, by the preceding rules; then reduce the 
third equation and either of the former to one, con- 
taining the ſame two unknown quantities; and from 
the two equations thus obtained, the unknown quan- 
tities which they involve may be found. The third 
quantity may be found by ſubſtituting ther values % in 
any of the n e 


Ex. 


2 2 P L416 
Let | 32) 52=8 To find x,y ad 2. 
r 


x 4 i From 


— — . — 
e — . 
— 1 — * 4 — — — —— ——— EE 


— — 2 — 


. —— 
p 
— ——— —˖＋˖-ʒ ens i ee ee 


. 2 — -—_ — — R Et — — 

2 a — — 7 CREE 5-7 - : — * 

— I 5 — TEAR 

—— * Bs = I * — — E 

— — — 2 — OR * ; 
— — 224 „ 
„„„„„„„„4„%„„„%%%!⅜ ee wee KK — — * 
. x 
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From the two eee, 6x+9y+122= 48 
6 * ＋ 4) 10216 
3 7 ſubtt. 5% T2222 32 
from the firſt and third, 10x +15y+20z=80 
10x— 12y+62=12 
by ſubtr. 2757142 68 
and 55 T 222 32 
hence 1355702 = 340 
and 1355 ＋ 942 = 864 
by ſubtr. 5242 = 524. 
S8 II 
5%/＋T 222 32 
that is, 5y+22 =32 
55 . 32 — 22 10 
10 


—— * — 


| 2x+33+42=16 
that} is, 2x+6 +4 = 16 
2X=16— 6—4= 6 


| * 3. | 
The fame method may. be applied to any number 


| of ſimple equations, 


1 


145. That the unknown Gundis, may have 


definite values, there muſt be aa many independent 
equations as unknown quantities. When there are 


more equations. than unknown quantities, the value 


of any one of theſe quantities may be determined 
from different equations, and ſhould the values, thus 
found, differ, the equations are incongruous; ſhould 


they be the ſame, one or more of the equations are 


unneceſſary. When there are fewer equations than 
unknown quantities, one of cheſe quantities cannot be 


found | 


ys 
1 


SIMPLE EQUATIONS. | 73 


found, but in terms which involve ſome of the reſt, 
_ whoſe values may be aſſumed at pleaſure; and in ſuch 
caſes the number of anſwers is indefinite. 

Thus, it x + y = a, #= 4-—-y;-and' a 5 
at pleaſure, we obtain a value of *, ſuch, that 
ya. 

Theſe equations muſt alſo be independent, that | is, 
not deducible one from another. . 

Let x+y=a, and 2 ＋ 25 ; this latter equa- 
tion being deducible from the former, it involves no 
different ſuppoſition, or requires any thing more 
for it's truth, than that x+y=@ ſhould be a juſt 
equation. 


PROBLEMS WHICH PRODUCE SIMPLE 
EQUATIONS, 


146. From certain quantities which are known, to 
inveſtigate others which have a given relation to them, 
is the buſineſs of Algebra. 

When a queſtion is propoſed to be reſolved, we 
muſt firſt conſider fully it's meaning and conditions. 
Then ſubſtituting for ſuch unknown quantities as 
appear moſt convenient, we muſt proceed as if they 
were already. determined, and we wiſhed to try 
whether they would anſwer all the propoſed con- 
ditions or not, till as many independent equations 


ariſe as we have aſſumed unknown quantities, which 


will always be the caſe if the queſtion be properly 
limited (Art. 145); and by the ſolution of theſe 
| . the quantities ſought will be determined. 


Prob. 5 


- 2 2 * Xs work; pe : * 
» I * — : — Fs Sk : 
1 rere C. 
— — —— ͤVvũ — 
—— — — — 
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Prob. 1. 
A bankrupt owes A twice as much as he owes B, 
and C as much as he owes A and B together ; out of 


300. which is to be divided amongſt ** W 


muſt each receive? 


Let x repreſent what B muſt receive; 
then 2 what A muſt receive, 
and x 2x or 3x= what C muſt receive; 

amongſt them they receive 3006; therefore 

x+2*x+3x= = 300 
6 = 300 


300 


* zo, what B mult receive 


2 lo, what A muſt receive 
3 1 ;o, what C muſt receive. 
„ Prob. 2. 
To divide a line of 1 5 inches into two parts, ſuch, 


that one may be 3 of the other. 


Let 4x = one part, 
- then 3x= the other. | | 
7 15, by the n, wo 


5 


2 


87. 


4. , One part, 


on 
1 55 — 67 the other. 


Prob, 3 
If 4 can perform a piece of work in 8 as and B 


> in 10, in what time will they finiſh It together? 


Let x be the time required. 


In 


SIMPLE rauarioxs, * 7 5 
In one day, A performs 3 k part of the work ; therefore, 
in x days, he performs 5 parts of it; andi in the ſame 


time, B performs 10 — 5 parts of it; | and calling the 
work 15 


— 


208 1 
37161 

102 ＋ 8E 90 

181 = 80 7 
. 
W * 


2 Prob. . 


1 workman was employed for 60 days, © on condi- 
tion that for every day he worked he ſhould receive 
15 pence; and for every day he played he ſhould for- 
feit 5 pence, at the end of the time he had 20 


ſhillings to receive; required the number = oye he 
worked. i 


Let x be the number be days he worked, 
then 60 — x is the number he Played, 
_ 15x his pay, in pence, = 
300 - 5x, ſum forfeited, 
15 300 ＋ Se 240, by the queſtion, 
 20x=240 300 540 
27, the days he worked, 
60 ee 33, the days he ow a 


FS Prob. 5. 
| How much rye, at four ſhillings and ſixpence a 


buſhel, muſt be mixed with 30 buſhels of wheat, at 


hx - © 


finds he has twice as much as B; in the ſecond game, 
B wins half as much as he had at firſt and one chilling 


| much as A; what ſum had each at firſt? 
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ſix ſhillings a buſhel, thut the raixture may be worth 
five ſhillings a buſhel ? 


Loet x be the number of buſhels required ; 
then 9x is the price of the rye in ſixpences 
600 the price of the wheat 
50 Tx. 1o price of the mixture; 7 9 
therefore, gx+600= z00+10x 3 
and LoO=x, the number of buſhels required. 


Prob. 6. 


A and B engage together in play; in the firſt game, 
A wins as much as he had and four ſhillings more, and 


more, and then it appears that he has three times as 


Let x be what A had, in ſhillings, 
„ 


2x+4, what 4 has after the 1 game 
„ == 4, what B has 
5 the queſtion, 2x ＋4 = 25 28 


or 25 4K = 12 
Imam 6 


alſo = — * I, what B has after the 
fecond game, 


2 45 -—T, what 4 has; 


| bythe queſtion,g=x=4+2 Loreal, 


or 25 2x — api 6 

hence 65 14K 24 | 

ox 3% — JX=12 7 5 
e alſo 
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: to „6 
therefore 35 6x= 18 
alſo 337 = 12 
4 ſubtraction, #=6 
7 21 =, or y 1226 
7 8. 
Prob. 7. 5 
A ſmugeler had a quantity of brandy which iy ex- 
pected would raiſe 9: 18; after he had fold 10 
gallons, a revenue officer ſeized one third of the re- 
mainder, in conſequence of which he makes only 
8: 2; required the number of . he had, and 
the price per gallon. = 
Let x be the number of gallons. 


then 227 ; 15 the price per gallon, in ſhillings, 


= the quantity ſeized, 


* — 10 * e the value of the quantity ized | 


but this ___ by the queſtion to be 36 ſhillings; 3 


therefore, — * 2 236 
X—10X ws 36x 
66x — 660= 36 
30 660 


k 22 the number of gallons 
3 —— =9 ſhillings, the price per n. 


* 
. Prob. 8. 
A and B play at bowls, and A bets B three tillings 
to two upon every game; after a certain number of 


games 


4 


Eo ie te. 


a D—_ — 


— . — — 
"= 


— NT — 23 vhs — STS 2 ä * * - 
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games it appears, that A has won three ſhillings ; ; but 


had he ventured to bet five thillings to two, and loſt 
one game more out of the ſame number, he would 
have loſt thirty ſhillings : : how many games did 


they play? 


| Let x be the number of games A won, 
y the number B won, 
then 2x is what A won of B, 
and 30 what B won of A. 
2*— 35 3, by the queſtion ; ; 
* 1. 2, A would win onthe 2 ſuppoſition, 0 
I. 5, B would win, 
SSH 
„„ SL A=ES 
therefore, 2x— 39=3_ 
and 5y—2x=23 


by addition, 5y— 35 26 


252226 
n 


21234392 3+39= 42 
88 21 


x ＋ 7 = 34, the number of games. 
Pro, 9. 


A ſum of money was divided equally amongſt a a 


certain number of perſons ; had there been three more, 


each would have received one ſhilling leſs, and had 
they been two fewer, each would have received one 
ſhilling more than he did : required the number of 
perſons, and what each receiyed. Wk 


Let 
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Let be the number of perſons, 

y the ſum each received, in — ; 
then xy is is the ſum divided, 
and x+3X)—1 I =xY 
alſo x =2Xy+1=xy, by the queſtion, 

therefore, xy—x+3,y = 3 * 
r 
and xy+x—2y—2= * 
or = 27 22 
allo, —- x T3523 
therefore, y= 5 
hence x —2y=X—10=2. 
Or X=12. 


ON QUADRATIC EQUATIONS. 


" 147. When the terms of an equation involve the 
ſquare of the unknown quantity, but the firſt power 
does not appear, the value of the ſquare is obtained 
by the preceding rules; and by extracting the ſquare 
root on both ſides, the quantity itſelf is found. 
| Ex. 1. 
Let 5 * —45=0z to Rnd . 
By tranſ. 5x*=45 
| * = 9 . 
therefore (Art. 141), „ ez. 
The ſigns + and — are both prefixed to the root, 


becauſe the ſquare root of a quantity may be either 


poſitive or negative (Art. 122). The ſign of x may 
alſo be negative; but ſtill x will be either equal to 
7＋3 or - 3. 


* 


Ex: 1 1. 
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Ex. 2. 


Let ax bed; to find x. 


Obs bed 
F- = 
a | 
"ped 
. 4 


148. If both the firſt and ſecond powers of the 
unknown quantity be found in an equation, arrange 
the terms according to the dimenſions of the unknown 
quantity, beginning with the higheſt, and tranſpoſe 
the known quantities to the other ſide; then, if the 
ſquare of the unknown quantity be affected with a 
coefficient, divide all the terms by this coefficient, 
and if it's ſign be negative, change the ſigns of all 
the terms (Art. 137), that the equation may be re- 
duced to this form, x = ==q. Then add to both 
ſides the ſquare of half the coefficient of the firſt 
power of the unknown quantity, by which means, 
the firſt fide of the equation is made a complete 
ſquare, and the other conſiſts of known quantities; 
and by extracting the ſquare root on both ſides, a 
ſimple equation is produced, from which the value of 
the unknown quantity may be found, _ 


; „ET. 1. | 


Let * g, now, we know that s 


the ſquare of x +L (Art. 127); add therefore, 7. to 
both ſides, and we have 


x*+px 
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* 24 px + =4+% ; then by extracting the ſquare 


root on both Tides, | 


+2 = =4/q 1. and . ranſpoſrion 


| / p* 5 | 
vi. N 


In the ſame TS if * — 22 9 * is found to be 


Vie 


Hf % 


Ex. 4. 

WER —12#+35=0z to had». 
By tranſpoſition, x*— 121 = 35, and adding the 
ſquare of 6 to both ſides of the equation, _ 

** 127363635 13 dener: 
crafting the ſquare root on both She, 5 
> x —6= <1. 


* 


: =6=1=7 or 5; hes of 3 
ſubſtituted for x in the original equation, anſwers the 


condition, that is, makes the whole equal to nothing. 


| Ex. 3. | 
Let —*— + ==33 to find x. Fog 
6a+214 2=38 +30 
3 — 6 2 
Xx 3 4 | 
$22.3 h 
EEE 1 
39 +: 


5 oy I. | =O . 


—— 


n . n . > 
= < A — — 36 3 Sa So — —  - N . 
IS ESE ICID EE EIS one ere i —— ELLE LI =o af 9 BS 
ET - = — 2 r 
— C. ]˙² . ]». INE »A OCT 
— . xc: 8 — — CEE iS < 2 = EG — 
F — ˙ . ̃ ˙—ꝗ IT RI IE ERS > oo — 
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CEE 
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: ESR a ee = ma 
= — — 
<= _ 25 
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In this RET 30 and : are to he reduced to a 


ae denominator, and ſince 36 is a completh 


{quare, the moſt convenient method for the ſolution 


is, to multiply both the numerator and denominator 


of = : = by 12, that the common denominator any be a 


9 5 number (Art. 20). 


e „. 
149. Let h 125 to find x. 
By tranſpoſition, Y 5x o 
e both ſides, 24+ 10 64 — 16x+x*. 
* — 217=10 = 642 — 54 


completing the ſquare, * — 218+ = 441 5 


54 _ 
$1. 4h 
RE. ba. Ig *— 219+ 7 — 
ABD. 

2 


21 
extracting the ſquare root, = —== 


. 21515 


=3 or 18. 


By this proceſs two values of x are found, but 
on trial it appears, that 18 does not anſwer 


the conditions of the equation, if we ſuppoſe that 


W 5 10 repreſents the poſitive ow root of 
5x10. 
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zx ＋ 10. The reaſon is, that 5x+10 ig t 10 is the ſquare 
of rr 10 5 * ＋ 10 as well as of +V/ 53+10 5x +10; thus by 
ſquaring both ſides of the equation VS £x+10: 5xX+10=8=—x, 
a new condition 1s introduced, and a new value of the 


unknown quantity correſponding to it, which had no 
place before. Here, 18 1s the value which r 


to the ſuppoſition that x — Arie 5 108. 


It ſhould be particularly obſerved, that, ſince 
+xX +y is equal to -& Xx —y, in the multiplication 
and involution of quantities, new values are always 
introduced, which, if not again excluded by the nature 
of the queſtion, will appear in the final equation. 

1 50. Every equation, where the unknown quantity 
is found in two terms, and it's index in one is twice 


as great as in the other, may be reſolved in che ſame 
manner. 


Ex. 5. 
Let PER 221 


N 21 +4= =25 
2443 * 5 
= cone, or — 7. 
therefore z= =9, or 49- (Vid. Art. 149): 
Ex. 6. 
19 69 — 27 =0, 
y'—0x =27. 
35's by +9 = 27+9= 36 
A 5 8 Or 3. 
A © 
e „ 


. — 
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151. When there are more equations and unknown 
quantities than one, a ſingle equation, involving 
only one of the unknown quantities, may ſometimes 
be obtained by the rules laid down for the ſolu- 
tion of ſimple equations; and one of the unknown 
quantities being diſcovered, the other may be ob- 
tained by . it's value in the preceding 
equations. „ 


TE as 


Let) ro fad z andy. 
q 2 4: 
Fromibe fiſt equation, 2484588 
& ＋ = S8 
and x 8 
from the 2 equation, xy f 2 5 x2 
as e | 


+ 
8 


5 QUADRATIC EQUATIONS. us 
by ſubſtitution, 8—yX 2 —3=1=2 


EE oe W Shao fs 0 oy 2 
99=Y=16+2=18 


5 9 = 8 

81 81 5 
— - 822 
"NO A 1 4 
| B 
EY 6 or 3 

* 8a or 5. 


The ſolution will often be rendered more imple by 
particular artifices, the proper application of which 
18 beſt learned by eee 


. 
ess hre find x de 
| -__UOxy=20 
From the ſecond equation, 229 6 
and adding this to the firſt, x* T2 ν = 121 
ſubtracting it from the ſame, * 254 = 29 
by extracting the {q. roots, x+y= = 11 
a and x — y= = 3 
therefore, 2x= = 14 
„ = 7 7 
and y=4 or — 4+ 
1 52. It may ſometimes be of uſe to ſubſtitute for 
one of the unknown quantities, the product of the 


other and a third unknown quantity.* * | 
Ls Ex. 10. 


8 untrdkkn ſum 
of the dimenſions of the unknown quantities, in every term of each 
equation, is the ſame. 


N 
1 


255 


—— — xz 1 — = 


— a. * 
> < 


II: op 
— — — 
—. T P2225 _- 
2 
E - — — 


3 — 5 


— 


— RE, — 
— — — — 


— 


S _o-= 5, Ox 25 = = — : \ \ 

CEE TEE = ID K ⅛˙ TO 3888 

- — — 2 c * . . — N 

= — * 2 2 — Fr — — 
PFC ˙ ) ð dyyC66i9˙]:?? : | „„ 
— 7 —— Ss 2 

— — — — — — _ ul - 
— — ty — — —— — 


— — — — 
7 


* 


86 QUADRATIC EQUATIONS. 


Ex. 10. 


Let l erer, 


252 
ge Let of 
then 9 8 
and 3 27 = 


from the former, * 27 7 5 


> from the latter, FAC. 
therefore, —— 


S 


Or V*+V=1I2V—2 4 N 


* e 


. 


& 


121 By 
© 


121 — 26. 25 


6 


165. The enen may ſometimes be ſhortened, 


; 42 : 1 
1472 644 n FE Me LARIS Sk: AI DIE; 


TS 1 
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by lubſtituting for the unknown . the _ 
and difference of two others. * | 


| | , Ex. N.. 
x* Fa 
— * re find x and 
x+y=12 7 
Aſſume æ =2+v ONT WP Y 
then pack Art 
or 2286 
hence, * = WEED | 
alſo Gato UA _=13 
| * =18xy 


and x Feb ai6 robucaBet 4 
6-216 08 * 
therefore, * ＋ 9 — 432 = + 3647 | 

xy=b+vX6-v=36=0* 
_ 18xy=648—189* 
but a®+zy*=18xy 
therefore, 432 + 36v* 64818 
54 *=216 | 1 
122606 
2 == 
54 
ee YEs * 
4 = 6228 04 
=622=4 or 8. -þ 
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* Tis artifce nay be uſe, when the unknown quantities in exc | 
equation are ſimilarly involved. 
+ Many other methods are given by Dr. Waring, Med. * 
Cap. 4. „ 
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PROBLEMS PRODUCING' QUADRATIC - 
5 
Prob. 1 | 


08 54 A perſon bought a certain number of oxen for 
80 guineas, and if he had bought 4 more for the ſame 


ſum, they would have coſt a guinea a piece leſs ; 


required the number of oxen and price 4 each. 
Let x be the number, = 


80 . ; 
then — * the price of each, 


\ 


and BE the price of each on the 2 ſuppoſition, 


4 TRE I, by the e 


80 8 0 


8o & = 80x ＋ 32 — . 
X*+4X=320 
K* +4*&+4=324 
| pun 1 _ 
xX==18—2=16 or — 20. 


| 2 55 = =5 guineas, the price &f "SY 


In this, and in many other cal. eſpecially ; in the 
ſolution of philoſophical queſtions, we deduce, from 
the algebraical proceſs, anſwers which do not correſ- 
pond with the conditions, The reaſon ſeems to be, 


that the algebraical expreſſion is more general than the 


common TEL and the n which is a proper 
| | repreſentation 


Yi 


QUADRATIC EQUATIONS, 89 
repreſentation of the conditions, will alſo expreſs other 2 
conditions, and anſwer other ſuppoſitions. In the fore- 


going inſtance, ſince x may either repreſent a poſitive 
or a negative quantity, the equation - Wc 2 — t, 
EE Ee FF : 
when x is negative, or repreſents the diminution of 
ſtock, will be a proper expreſſion for the ſolution of 
the following problem. A perſon ſells a certain num- 
ber of oxen for 80 guineas ; but, had he fold 4 le 


for the thine ſum, he would have received a guinea a 


Piece more for them ; required the number fold. 


Prob. 2. 

1 fo divide a line of 20 inches into two parts, 
ſuch, that the rectangle under the whole and one part 
may be equal to the ſquare of the other. 
Let x be the greater part, then will 20 — x be the les, 

and x*=20 — #.20 = 400 — 20x, by the queſtion, 
x*+204==400 _ 
x*+20X +100 = = 400 + oo. 500 
 x+10== / 500 FO 
x = + vV/ 500 — 10 or 5 10. 
The obſervation contained in the preceding article 


may be applied here; and it is to be remarked, that | 


the negative values thus deduced are not infignifi- 


cant, or uſeleſs, Here the negative value ſhews, that 


if the line be produced ss Jr inches, the ſquare 
of the part produced is equal to the rectangle under 
the line given, and the line made up of the whole ne 


| at produced: 
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5 . Pb. 3 . | 
I <6. Ts and two numbers, whoſe . Podest 


and the ſum of whoſe ſquares, are equal to each other. 
Let x+ and æ i be the numbers ; 


9 * ſum is 2* 
their product ** — 5 


che ſum of their ſquares 2 & ＋ 25 


n wh on queſtion 212 * +250 
33 or & + 
alſo, 2x=x# — 9 
therefore, gy=2x* 


x+y = 35 2 —3 


Since the ſquare of every quantity is poſitive, a 
negative quantity has no ſquare root, the concluſion 
therefore ſhews that there are no 0 ſuch numbers as the | 


queſtion OI. .* 25 


* 


. Colleftion of problems, 1 ſimple and n . 
equations, may be ſeen in Simpſon's Erereiſes; ; and awe 8 


Mathematical ö Vol, t. 


RATIOS. or 


ON RATIOS. 


157 N20 is the relation which one quantity bears 
to another in reſpect of magnitude, the compariſon 
being made by conſidering how often one contains, or 
is contained by, the other. | 

Thus, in comparing 6 with 3. we obſerve that it has 
a certain magnitude with reſpect to it, as it contains it 
twice; again, in comparing it with 2, we fee that it 
has a different relative magnitude, for it contains 2 
three times, or it is greater when compared with 2 
than it is when compared with 3. The ratio of @ to 
is uſually expreſſed by two points placed between them, 
thus, 4: 6; and the former is called the antecedent of - 
the ratio, the latter the conſequent. 0 

158. Cor. 1. When one antecedent is the abe | 
multiple, part, or parts, of it's conſequent, that another 
antecedent is of it's conſequent, the ratios are equal. 
Thus, the ratio of 4 : 6 is equal to the ratio of 2: 3, 
i. e. 4 has the ſame magnitude when compared with 6, 


that 2 Has when compared with 3, ſince += 23 the 


Brad 
ratio of a: , is” equal to the ratio of f:4 d, if 3 — 7 


becauſe z and - >» repreſent the multiple, part, or r parts, 


that a is of b, and c of d. 


159. Cor. 2. If the terms of a FEY be multiplied 
or divided by the ſame quanti- the. ratio 15 not 
altered. 


160. Cor. 
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our idea of ratio. 
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160. Cor. 3. That ratio is greater than another, 
whoſe antecedent is the greater multiple, part, or parts, 
of it's conſequent. Thus, the ratio of 7: 4 is greater 


. than the ratio of 8: 55 becauſe 2 * OF -* 39 ; - 8 n than 


4 or B+. ; Theſe concluſi ons follow — from 


— 


161. A ratio is called a ratio 5 of greater inequality, 
of leſs inequality, or of equality, according as the ante- 


cedent is greater, le than, or equal to, the conſequent. 5 


162. A ratio of greater inequality is diminiſied, and 


of leſs inequality increa fed, * e 1. quantity to both 


X's terms. 


If to the terms of the ratio 7: * 1 be added, it bes 


| comes the ratio of 8 : 5, which, (Art. 160), is lefs than 
the former. And in general, let x be added to the terms 


of the ratio @ : h, and it becomes a+x: b+x, which 
is greater or leſs than _ former, according as 
a+ 


| bx is | args or leſs than 5 ; ; Or, by ES them 


+bx . 
to a common denominator, a 5.575 1s s greater or 
TX 5 


ab+ax 


| les than — 3 that is, as C is greater or le 


 b.b+x 


e 


163. Hence, a ratio of greater inequality is in- 
creaſed, and of leſs inequality diminiſhed, by taking 


3 from the terms a quantity leſs than either of them. 


164. If the antecedents of any ratios be multiplied 


together, and alſo the conſequents, a new ratio re- 
; ſults, which! is ſaid to be compounded. of the former. 


Thus, 


RATIOS. 93 
Thus, ac : bd is ſaid to be compounded of the two 
4: h and c: d. It is alſo ſometimes called the ſum of 
the ratios; and when the ratio 4: 5 is compounded 
with itſelf, the reſulting ratio : &* is called the 
double of the ratio of a : h, and if three of heft ratios 
be compounded together, the reſult, : , is called 
the triple of the firſt, &c. Alſo the ratio of 4: þ is 
4 to be one third of the ratio of "of Þ; and 


: b* is ſaid to be an n part of the ratio of a: b. 


165. Let the firſt ratio be 2: 1; then *: 1,0: 1, 
: I, are twice, three times, .. 2 times the firſt 
ratio; where u, the index of a, ſhews what multiple, 
or part, of the ratio *: 1, the firſt ratio, a : 1, is. 
On this account, the indices 1, 2, 3, . . , are called 
meaſures of the ratios of : 1, 4: 1, : 1. 
. % 


166. If the conſoguent of the preceding ratio be the 
| antecedent of the ſucceeding one, and any number of ſuck 
ratios be taken, the ratio which ariſes from their com- 
poſition, is rhat of the 1 antecedent to the laſt can- 
4 | 
Let 4: B, 5: 6, : d, &c. be the ratios, the com- 
pound ratio is a x NC: 6XcXd, (Art. e 1 
dividing by 5X (Art. 159), 4: d. 

167. A ratio of greater mequality, e with 
another, increaſes it; and a ratio of 35 — dimi- 


niſſtes it. 
Let the ratio of x : y be compounded with the 
ratio of @ : 6, the reſulting ratio ax : by is greater or 


lefs than the ratio @ : 6, according as - is greater or 
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leſs than 5 3 (Art. 160); J. e. according as as * 1s greater 


or leſs than y. 


168, If the difference between the antecedent and con- 


ſequent of a ratio. be ſmall when compared with either of 


them, the double of the ratio, or the ratio of their ſquares, 5 
15 5 nearly obtained by doubling this difference. 


Let a+x : a be the propoſed ratio, where x is ſmall 


when compared with a; then a*+2 ax+x* : 47 is the 


ratio of the ſquares of the antecedent and conſe- 


quent; but ſince x is ſmall when compared with 4, 
* or xXx is {mall when compared with 2 ax &, and 


much ſmaller than axa; therefore, a* +2 ax : , or 
* 2x : a (Art. 159), will nearly expreſs the ratio of 


Ef +2ax+x* . 


Thus, the ratio of the ſquare of 1001 to the ſquare 
of 1000 is nearly 1002 : 1000; the real ratio is 
1002.001 : looo, in which the antecedent differs from | 
it's approximate cont * by one thouſandth PW 
of an unit. | N 


169. Cor. Hence, the ratio of che 3 root of 
ax to the {quare root of @ is the ratio a: a, 
| nearly; that is, if the difference of two quantities 


be ſmall with reſpect to either of them, the ratio of 


their {quare roots is nearly obtained by balving their 
difference. | 


170. In the ſame manner, a+3s: a; LA: a; 


 a+mx : a; are nearly equal to the ratios of a+ x} : 65; 
a+xX\* : M; ax" : a"; if mx be ſmall when com- 
pared with 2. f 


on. 


# 
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ON PROPORTION. 


171. Four quantities are faid to be arofebTiwals, 


when the firſt is the ſame multiple, part, or parts, of 


the EY. that the third 1 18 of the fourth. That! is, 


when 1 32 7 the four quantities a, B, c, "3 are led 


vl proportionals. This is uſually expreſſed by ſaying, a 
 Btohasctod; and thus repreſented, a: b:: c: d. 


The terms à and d are called the N and 5 


and £ the means. 
172. When four quantities are Fan the prada 


of the extremes is equal to the product of the means. 


Let 45 . 4, be the four quantities; ; then ſince 
chey are proportionals, © 3 40A. 171); and by nal 


tiplying both ſides by 5d, ad bc. 


173. Cor. 1. If the firſt be to the Grand as the 
ſecond to the third, the product of the extremes is 
equal to the ſquare of the mean. 


174. Cor. 2. Any three terms in a proportion "7" 


given, the fourth may be determined from the equa- 


tion ad=bc. 


175. If the product Fa two quantities be equal to the 


product of two others, the four are proportionals, making 
the terms of one product the Means, and the terms of the 
| other, the extremes. 4 


Let xy =ab, then dividing by ay, - winds or x: 4 3 If : 


(Art. 171), 
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96 PROPORTION. 


l Ia: bi: c: d, and c:d 72 erf, then will 
abr: e: f. eee | 0 
Becauſe z=7p and 7 75 55 therefore, » 5 1 74 or a: b 


177. F four quantities be proportionals, thy « are : alſ : 


proportionals when taken inverſely. 


If : „ then 5: e For 75 > 


: and dividing unity by: each of theſe equal quan- 
tities, or taking their bh 7 45 that i is, 


5: aud: c. 


178. If four quantities be ering, ty! are al 
2 ec 18 taken alternately. 
If a: 5 2 e af 0 1: b d. 


Becauſe the quantitics are proportions, , 


multiplying by - UE 2 or a : c :: bt 4. 


Unleſs the four 3 are of the ſame kind, the 


_ alternation cannot take place, becauſe this ſuppoſes the 
firſt to be ſome multiple, part, or parts, of the third. 


One line may have to another line, the ſame ratio 


chat one weight has to another weight, but a line has no 


relation, in reſpect of magnitude, to a weight. In caſes 
of this kind, if the four quantities be repreſented by 
numbers, or other quantities which are ſimilar, the 


alternation may take FOE and the concluſions drawn | 
from 1 It | will be Juſt 5 


* 


1 
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2 79. H hen four quantities are proportionals, the gt 


together with the ſecond, is to the ſecond, as the third 
Sager hey! with the fourth, is to the fourth. 

Let a: h H: d, then 
componendo, CPs b::c+d:d. 


Becauſe, © 55 => by adding unity to both des, 5 3 + 1 


aÞ+b +4 8 
=5+13 that! is. 7 or, a ad bi b:: . 4 


180. Alf dividendo, the exceſs of the 2 above tie 


ſecond, is to the ſecond, as the exceſs of the third above the 
fourth, is to the __ ; 


Becauſe _— 7 by ſtring v Sem each 


e 422 5 fed: 
fide, 3 1 215 that i 18, IT” = 7 5 or, a — 83 
35 :: G d: d. | 


181. Again, convertendo, the firſt ts to it's exceſs 


above the ſecond, as the third, to its exceſs above the 

2 ; » 6 

By the * article ares Lend 4 0 1 
Li nope” 


d 
+4 c>d d a-b 
17714 therefore, - "x X - 1 74 


— 


FRY 


4: 4 ic: d. 


182. Mien four quantities are 3 the fun 


of the firſt and ſecond is to their difference, as the for of 
the third and fourth, to therr difference, 


Let 4: h:: c: d, then, ak ne: TY 9 
Vor. I. TIE. ] 8 By 


+» 
* 
. 


I that is a=b : 4 11 c-d ic; and inverſely, 


TY 
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By . Art. 179, F- 432 a _— and by. A. 180, 275 
MAYS therefore, << = as 8 : Wy 92 0 
a+b ra 

70); pole PAP = 2 that f 1 36 : Ps | c+d. | 
12. 74 2 


183. When any number of quantities are proportionals, 
as one antecedent is to it's conſequent, ſo is the um of all 
the . to 7 * of all the conſequents. 

Let a: b:: e 3 ,, Ke. 

then 4: b:: 4 9 


| Becauſe © 3 5 ad= be; 1 in the ſame manner af=be; 


allo, ab= 65 hence, hence, ab-ad+af=ba+bc+be, or, 
ab +d+f=b 2 Tee; and 1 Art. 175, 4: 5 :: 
ace: b+d+f. : 
184. When four quantities are 83 4 the 
firſt and ſecond be multiplied, or divided, by any quantity, 
as alſo the third and fourth, the * N will 
1. pro portionals. 


Let a: :b 2c: Y then will ma: mb :: IS 2 
8 3 "ho Rs 
2 = 
Fe or = 5 = 5 therefore, = (An; 39g); . 
* n 5 N 
7 
Op | 
or, ma: mb :: We Woe 
„ 


185. If the firſt 185 third be multiplied, or Gvidid, 
by any quantity, and alſo the ſecond and Joins lle 95855 
* ee 10 be pro portionals. = 


— | „„ For 


4 
— 


nor, G 


ma mc 


| 1 ma 2 me 
"9 th there fore — R 
1 14 

(an. 69); or, ma: - 5 nc 2 


186. Cor. Hebe in any proportion, if ſtead of 


the ſecond and fourth terms, quantities proportional to 
them be ſubſtituted, we have till a proportion. For 


: and, are in the ſame proportion with 5 and 4 


(. Art. 184). 


1387. In two ranks of proportionals, if the 8 
ponding terms be multiplied together, the Products wHI fe 
proportionals. - 
Let a: 5 :: c: d 
t 
then will ae: bf :: cg: dh, 


V 

Becauſe "res * e 455 Or, 

ae: VF : dl. 3 
This is called compounding the proportions. 


The propoſition i is true 1 applied to any number of 
proportions. 


188. If four l be proportionals, the like 
powers, or roots of theſe quantities will be propor- 


tionals. 25 F 
„ 
et :: c: d, then = = 3, and — = 
L a. 1 9 TY, þ 4 3 Or, | | 
4-1 Wo 45 where u is whole or fractional. „ 


189. 1f tuo numbers, a and b, be prime to each her, LS 
they are 15 leaf in e proportion. is 
6 2 8 If 


- 


3 a 


100 | PROPORTION. 


II. poſſible as 7 * 7 where ls þ are prime to 


each other, and reſpectively greater than c and d. If | 
the latter numbers be not prime to each other, divide 
them by their greateſt common meaſure ; alſo divide 

a by b, and c by das in Art. 90; thus, 


V)a(m Px 4 eln 
, T)ds 
then becauſe * FA the firſt quotients , M, are equal; | 


25 
5 


and fince 7 = m +5 3˙ 1 = +5 we have 


5 or 25 
d x — 


75 . becauſe 5 1 is s greater than a, x is 
Ek: . 
greater than r. In the ſame manner, 72 5 and y is 
greater than s, &c. thus the remainder in the latter 
diviſion will become unity, ſooner than the remainder 
in the former. Let S=1; hon 5. r, and y, which is 


greater than unity, will meaſure a and b (Art. 92), 
which is eee to the uppoſion- 


Cor. Hence, * © and à and 5h; be prime to each 


* a 
other, c and 4 are equimultiples of a and 5. 


| 190. If a and þ be each of them prime to 5 ab Is 
prime toc. 


If not, let 25 mr, and; c=ms; then fince a and hare 
705 to c, chey are e to ns, and therefore to n; 
| and 


PROPORT1ON:; "=" 


\ 


oi 


and becauſe ab un, we have 75 * herefore bu 


5 
a multiple of m (Art. 189. Cor.) which is abſurd. 


Cor. 1. If 5 be equal to a, then 4 and c have no 


Aa ; 
common x meaſure ; or 15 is a fraction i in it 8 lowet 


terms. 
4a a 


Cor. 2. In the ſame manner, 7 „Kc. ar are frac- 


tions in their loweſt terms. 


| SCHOLIUM. 


191. In the definition of proportion, it is ſuppoſed 


that one quantity is ſome determinate multiple, part, 


or parts, of another; or that the fraction ariſing from 


the diviſion of one by the other, (which exprefles the 
multiple, part, or parts, that the former is of the 


latter), is a determinate fraction. This will be the 


caſe, whenever the two quantities have any common 
meaſure whatever. 


Let x be a common meaſure of a and 5, and bs 


"MX 


a M 
42 me, Dur; then 8 
. 5 e 


whole numbers. 
But it ſometimes happens that the quantities are 
incommenſurable, or admit of no common meaſure what - 
ever, as when one repreſents the circumference of a 


circle and the other it's diameter; in ſuch caſes, 


the value of © 3 cannot be exactly expreſſed by any. 


0 3 1 fraction, 


r P * R F ets > 
FF ̃ I Re PO RA WITT l _ * 


F 
1 * 
Lei = 
1 
111. 
"i 
3 4 
7 
* 


102 p R 0 0 R T1 oO "= 


* 


baden 2 oy whoſe cramarktne: a denominator are 


whole numbers; yet a fration of this kind may be 

found, which will expreſs it“ $ value to 5 8 

degree of accuracy. 
Suppoſe x to be a meaſure of b, and let = b=nx; alſo 


let a be greater than mx but leſs than m+1.x; then 


—— , or the dif- 


is greater than '= but leſs than 


FFV 
ſerence between and 31s leſs than 5 and as x 1s 

diminiſhed, ſince * b, u is increaſed, and ; dimi- 
5 niſhed ; therefore by diminiſhing | * the difference 
between 7 Land 5 may be made leſs than any that can 


b 
be aligned, 
If a and 5 as well as c and d be eee 


1 and if when © 5 lies 5 between. — „ and = ——. 2% alſo be- 


— G mM . 
tween 5 3 b however the e 7 and % 


are e increaſed, +7 Is 5 equal to - 7 "W they are not equal, 
they muſt have ſome aſſignable difference, and becauſe 


each of them hes, berween 7 a and 3 8 this difference 
1s leſs than =}. wut ſince 1 may, by the ſuppoſition, be 


increaſed without limit, = „ may be tes without 


limit, chat! is, it may become leſs than any aſſignable 
Fe e ; 


* 
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magnitude; therefore, x and 7 have no aff gnable dif. 
ference, that is, 3! is equal to > 45 and all the Preceding 


propoſitions, reſpecting proportionale, are true of the ; 
four e a, b, c, d. 


* * 


o VARIABLE QvanTITIEsS. 


192. "th the inveſtigation of the OE which 
varying and dependent quantities bear to each other, 
the concluſions are more readily obtained, by ex- 
preſſing only two terms in each e, than by 
retaining the four. 
Bout though, in conſidering the variation of ſuch 
quantities, two terms only are expreſſed, it will be 
neceſſary for the learner to keep conſtantly in mind 
that four are ſuppoſed ; and that the operations, by 
which our concluſions are in this caſe obtained, are in 
reality the operations of proportionals. 
193. Def. 1. One quantity is ſaid to wary directly 
as another, when their magnitudes depend wholly 
upon each other, and in ſuch a manner, that if = 
one be changed, the other is changed in the fame 
proportion. | : 


Let A and B be mutually 8 upon each 

other, in ſuch a way, that if 4 be changed to any 

other value a, B muſt be changed to another value 5, 

ſuch, that 4: at: B: b, then A is ſaid to N 

directly as B. 85 
Ex. If the altitude of a triangle be N the 8 

area varies as the baſe. For if che baſe be —— 
5 'F G6 4. ER os or 


104 VARIATION. 
or . the area 18 increaſed or diminiſhed in 
the ſame proportion. * : 


194. Def, 2. One quantity is ſaid to vary inverſely 


as another, when one cannot be changed in any 


manner, but the reciprocal | of the other 1s org tt 
in the ſame Proportion. 


Al varies Ipverſely as B, (4 Se BY if, when 41 1 


changed t to a, B be changed 1 to 4; in ſuch a manner 


that 4: FEE 37 or 4 : a: 5 B. 


Ex. If the area of a triangle be given, the baſe varles 
inverſely as the perpendicular altitude. | 
Let A and 4 repreſent the altitudes, B and b, the 


AXB | =O ( 


baſes, of two equal rriangles; ; then © 


— (the 


area of a triangle being half the reQtarigle 9890 the 
| baſe and perpendicular), or A x B=aXb; therefore, 


( Art. 175), 4 : aitb: Bi: 1 


een 
195. Def. 3. One quantity is ſaid to vary as 00 
others jointly, if, when the former is changed in any 
manner, the product of the other two be changed in 


the ſame proportion. 


Thus, A varies as B and 2 jolady, (4 < BC), 
when A cannot be changed to a, but the product BC 


muſt be changed t to be, ſuch, that 4 : a:: B C: be. 


Ex. The area of a triangle varies as it's baſe and 
perpendicular: altitude Jointly, _ A, B, P, repreſent 


the 


The ſign oc placed between two quantities gn that they | 
vary as each other. 
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me area, baſe, and perpendicular Stucke of one tri- 
angle; a, 5, p, thoſe of another; then BP 2 d, and 
5 243 therefore : * 35 or A: 4 BP bp. 
1 Def. 4. One quantity is laid to vary direftly as 
a ſecond and inverſely as a third, when the firſt cannot 
be changed in any manner, but the ſecond multiplied 


by the reciprocal of the third, is een in the lame | 
Proportion. n 


A varies directly a as B , and inverſely as C, e. (4h, 


when 4 : a it 5.4, 4, B, C, and a, by - being correſ 


ponding values of the three quantities. 
Ex. The baſe of a triangle varies as the area directly, 
and the perpendicular altitude inverſely. The nota- 


tion in the n article being retained, es = 2; and 


bp 2 
3 2:4. 8 5 
e both ſides by p» We have z B 
W * Sj 
> therefore, B: 6 F. 7 


In the following articles, A, B, C, &c. W 
correſponding values of any quantities, and 4, 6, c, 


&c. any other NOT. values of the, ſame 
quantities. 


197. 1f one quantity vary as a 3 * ha Jed 


' as 4 third, the firſt varies as the third. 


Let A: a::B:b,and B: B:: C : e, then, (Art. 196), 
424 . I is, A * C. In the ſame manger, 


#4 4x BandB << 6 then 4 c 8 
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198. If. two quantities vary reſpeftively as a third, 
their ſum, or difference, or the * root of their * 5 
ill vary as the third, 

Let fee C and BocC, then He C; allo TE 
C. By the ſuppoſition, 4: 4: C: 0 :: B: bz there- 
ſore I: 4 :: B: b; alternately, A: B:: 4: b; and by 
compoſition or diviſion, A=B : B: a6 t b; alt. 
AB b:: B: G: : 65 that 1s, Co ADS. 
on Again, n 

AG :: C: 8 
| therefore, AB : ab: C (Art. 187) 

and 9 Vab :: Cie (Art. 188); that 
199. J one aac vary as ther, it m A vary 
as any multiple, or part, of the other. 


Let A&B, and mM be any conſtant quagtiry, then 


| becauſe'4 : 4 2B: . Fe a: n: mb, or A: a: 2 


2 | Ly 2 (Art. 184); that 1 is, deen or oc (ws, 


200. Cor. 1. If A vary as B, 4 is equal to B mal. 
tiplied by ſome invariable quantity, For A: a :: mB 
: mb; altern. A: B A: mb; if therefore be o 
= aſſumed that A=mB, then in all caſes, a=mb. 


201. Cor. 2. If we know any correſponding values 
of 4 and B, the conſtant quantity m may be found. 

Let 4 and b be the two values known, then mM== 55 
and i in genera, A 1 3. 


Ex. 
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Ex. Let S oc 1, and when T=1 ſuppoſe $=16, 
dien 8 1671. 

202. F one quantity vary as another, any power or 


root of the former will Vary as ' the fame power or root 1 of 
the Tatter 


Leet A vary as B, then A: a :: B 6, and by Art. 


5 188, 4: : Bu f; 1250 that is, 4. = By, where 1 1s 


| whole or fractional. 


203. If one quantity vary as another, and each of 
- them be multiplied or divided by any quantity, variable 
or invariable, the Produłis or . oil "ON as each 
_ other. 
Let A vary as B, and let T be any other quantity. 
Then, by the ſuppoſition, A183 35 8% therefore 


HEM BT :: bt, and f. 5 He In 


204. If 4 < B, dividing both by B, 5 <3 = Iz 


5” 
that! IS, = Z is 3 


205. If one quantity vary as two others Jointly, 
either of the latter varies as 120 firf rec and ths 
| other inverſely. 

Let Vc FT, then by Art, 203, 


fx T Þ 


206. Cor. if the produt of two quantities be in- = 
variable, they vary inverſely as each other. 
208 # * be e or B x P << 1; by diviſion, 95 


B56 . "*y 


207. If 


199). 


, * x | VARIATION 


20%. If four quantities be always. FOI and 
one or two of them be OO we may find how the 


_ others vary. 


Ex. Let Pots by big eli proportionals, and 


. 7 invariable, then 5 gr. Becauſe ps=qr (Art. 


172), Ps gr; and ſince Þ 18 conſtant, s gr, (Art. 


208. i one quantity vary as a ſeconds 4 a third nr 

a fourt), the product of the firfl aud third will vary a -- 

the product F the ſecond and fourth. .. 
Let A Band C D, then, AC S B D. 


| 1 a :: B: 5 


and C: :: D: d 
AC: ac: BD: 34 (Ant. 187); 5 


| that is, AC BD. 


209. When the increaſe or decreaſe of one quantity 
depends upon the increaſe or decreaſe of two others, and 


1 appears that if either of theſe latter be invariable, the 


firſt varies as the other ; when my both e the firſt is 
as their product. 

Let S<</" when T i is given, 

and Sec when Vis given; 


when neither T nor is given, Soc 77. The varia- 8 
tion of S depends upon the variations of the two quan- 


tities T and /; let the changes take place ſeparately, 
and whilſt T is changed to 7, let S be changed to &; 


then by the ſuppoſition &: S:: 7: f; but this value 


S* will again be changed to 5, by the variation of * 


pod. in the ſame proportion that is changed; that is, 
S* : 5:: V: v, and by compounding this with the laſt 


3 nnr Vi tv; or S: :; i F: to, 


: 880 184). 
210. In . 


ARITHMETICAL PROGRESSION, * ; 


2210. In the fame manner, if there be any number 

of magnitudes P, Q, R, 5, each of which varies as 
another, Y, when the reſt are conſtant ; when they are 
all changed, V varies as their product. 


ON ARITHMETIC AL PROGRESSION. 


211. Quantities are ſaid to be in arithmetical pro- 
greſſion, when they Increaſe « or decreaſe by a common 
difference. | 
. 3. 5. * FIR OT Y 5+25, 135 
&c. a, a—b, 4 2b, a—3b, &c. are in arit hmetical 
progreſſion. 
Hence it is manifeſt, that if a be the firſt term ad 
4b the ſecond, nd, a+26 is the third, a+36, the fourth, = 


&c. and 89 1.6 the 1 term. 
212. 7. he ſum of a ſeries of quantities 3 in arithmetical 


progreſſion is found by multiplying the fun of the firſt and 


loft terms by half the number of terms, 
Let 4 be the firſt term, à the common difference, * 
the number of terms, and 5 the ſum of the ſeries: 25 


Then, 


4 WY 185 ＋2T23. . 415 
or 271 „ N b+a+1-3 $. 3 42 ==. 


——— 
Sum 2441 57241. b+ 24 81 1 e. | 
tor terms, =24, 


— . —-— — 


or 2 an = 1.6Xt=25 


* | 2 . FT 
and s=2a+u—1.bX NY 


2. Cat 


— 


1 
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"214, Cor: Any three of the quantities 4, 4, A, 3, 
being given, the fourth _ be found, from . _ 


tion $=20+n—1.6 Ix; =, 


Ex. I, 

To find the ſum of 14 terms of the ſeries I, 3, 5» 

7, K. 3 
Heere a=1, ba, #=14; therefore FSR 
| Ex. L 3 7 
Required the fur of 9 terms of the "0 11, 9, | 
7, 5, &c. | 
In this caſe a=11, . 122g; therefore, 5= 


22—10X = 6 * 227. 


Ex. 3. 


If the firſt term of an arithmetical progreſſion be 
14, and the ſum of 8 terms be 28, what i 18 the common 
difference ? 


3 


"Mea 3 1 ** ==, 


25 
24 1. 
na 
25 25—241 
H — Ib =— 2 — —— 5 3 
hs 
2 55 2 24 | 
therefore, þ= . In the ak propoſed, 1 28, 


36 = 224 _ 728 _ 
oh {+ TO; 
Hence, the ſeries i is 14, 11, 8, ET &c. 


a= 14, 12 8; therefore, 5 


ON 


GEOMETRICAL PROGRESSION. 111 


ON GEOMETRICAL PROGRESSION. . 


2214. Quantities are ſaid to be in geometrical pro- 
greſſion, or continual proportion, when the firſt 1s to 
the ſecond, as the ſecond to the third, and as the 
third to the fourth, &c. that is, when every fuc- 
ceeding term is a certain ee or part of the 
preceding term. 

If a be the firſt term, ar the ſecond, the aries will 
be a, ar, ar“, ar*, ar, &c. 

For 4: ar :: ar: ar* :: 4: ar, Nc: 

2153. The conſtant multiplier is called the commox 


ratio, and it may be found by dividing the ſecond 
term by the firſt. 


216. If quantities be in geometrical pro rien, Heir 


differences are in e Progreſſion. 
Let a, ar. ar, ar, ar“ * &c. be the quantities; 
their differences, ar — a, ar ar, ar* — ar, ar- ars, 


&c. form a geometrical progreſſion, hole firſt term - 
is ar a, and common ratio r. 


1 | | 
217. Quantities in geometrical progreſſ on are propor- 
tonal to their differences. | 5 

For a: : ar :: ar- A4: = ar :: a ar: ar- ar, 


&c. 


218, In any POINT progreſi ion, the firſt t term. is 


to the third as the Haare of the _ to the ſquare Y the 
ſecond. 


Loet a, ar, ar“, | &e. be o progreſſion; then 4: 
art 2 2 WP, : a? Fa . | 


Hence, 


112 GEOMETR ICAL PROGRESSION. 


\ Hence it appears, that the duplicate ratio of two 


quantities (Euc. Def. 10. 5), is the ratio of their 
* ; 


219. In the | ſame 3 it may be ſhewn, that 
the firſt term, is to the »+1® term, as the firſt 


raiſed to the 1 power, to the ſecond raiſed to the 
' fame power. | 


220. If any terms be taken at rol intervals in a 
geometrical progreſſion, they Will be in e pro- 
5 greſſion. 

e @r. 7 . Aer. . 4735. ., &c. be the pro- 
greſſion, then a, ar", ar”, ar, bee. are at the interval 


of u terms, and form a geometrical progreſſion, whoſe 
common ratio is “. 


221. If the two extremes, and the number of terms 


in a geometrical progreſſon be given, the means may be 
found. 


Let à and 5 be the extremes, the number of terms, 
and r the common ratio; then the progreſſion is a, ar, 
ar”, ar... arc and fince b is the laſt term, ar" 

| 2 


1 and pines; therefore. r= -% and 7 being 


5 
a 
known, the terms of the progreſſion ar, ar, an, &c. 
are known. 


222. To find the ſum of a ſeries of quantities in geo- 
metrical progreſſi on, ſubtract the firſt term from the pro- 
duct of the laft term and common ratio, and divide the 
remainder by the. difference between the common ratio = 
ang unity. 

Let a be the firſt term, 1 the common ratio, # the 


number 
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number of terms, y the laſt at and s the ſum of 


the ſeries : | \ 4 
Then a+ar+ar*.. erer S; and 
_ multiplying both fides by) r, . 
ar Tar. . ar =rs 


Sub. a Tar ar EP”. Ta _ 


n 


Rem. aT =rS=S=r— I Xs. 


Ach RIS here 
or $= = 
FE TY 


. 
223. Cor. 1. From the equation 1 — 125 any 


three of the quantities, 5, 7 * a, being given, the 
fourth may be found. 


224. Cor. 2. When r is a proper  Frattion, as n ine 
creaſes, the value of , or of ar”, decreaſes, and when 
2 is increaſed without limit, 27 becomes leſs, with re- 

ſpect to a, than any magnitude that can be aſſigned; 
— 4 a 


and therefore 5= —— = —, 
. i 


This quantity - —— which we icalt the ſum 4 g 


the ſeries, is his 3 to which the ſum of the 

terms approaches, but never actually attains; it is 

however the true repreſentative of the ſeries continued 

Aue owe; for this ſeries ariſes from the diviſion of @ 


| a 
by 1 =; and therefore r may, without error, be 


ſubſtituted for 1 it. PROD! . | 
| Ex. 1 , . 
To find the ſum i 20 terms of the fries, I, 2, 
4, 8, &c. | | 


Vol. I. ns H "a 


9 


4 


0 GEOMETRICAL PROGRESSION. 


Here a=1, r=2,1=20; therefore, 


| 1& 2 1 | 
3 = . 
2—21 


Ex. 2. , 


Required che ſum of 12 terms of the ſeries 64, 16, 
4, &c. 


Here a=64, Fn 1 2123 therefore, 


1 4 64X 4 — 64 64 4 21 
E : 4 a * 5 1 4 — I 


Ex 3. 
Required the ſum of 12 terms 5 of the ſeries 18 


32 
„„ | 
Ta this caſe 421, = 3, 112 
** 9 5 
therefore, 3 3 = LEE, 
3 — 4 
Ex. 4. 


| To find the ſum of the ſeries 1 — Fed as &c. 
in infinitum. | 
Here a=1,r= — 75 therefore, (Art. 224), 


. 


225. Recurring decimals are quantities in geome- 

5 | 
trical progreſſion, where —. — => 
10˙ 100? 1000 


1 ratio, according as one, two, 1 &c. 


&c. is the 


figures 
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figures recur; and the vulgar ſraction, correſponding 5 
to ſuch a decimal, is fannd by ſumming the ſeries.” . 


;Ex:;-0, 
Neun the ride fraction correſponding to the 
decimal. 123123123 &c. 1 58 
Let . 123123123 &c. ; then, as in Art. 222, 
multiply both ſides by 1000; and 123. 123123123 
&c. = 10005, and by lubtracting the former equa- 


tion Ren the latter, 123= 999 95 therefore 999 
| "ot 8 5 ES ed 
333 N ; 


Ox PERMUTATIONS axy COMBINATIONS 


226. The different orders in which any quantities 
can be arranged, are called their permutations. 
Thus, the permutations of a, 6, c, taken two and 
two together, are ab, ba, ac, ca, bc, cb. 

227. The combinations of quantities are the different 
collections that can be formed out of them, without 
n the order in which the quantities are placed. 

Thus, 4b, ac, be, are the combinations of the 
| quantities a, b, c, taken two and two; ab and ba, 
though different permutations, forming the ſame com- 


bination. 
228. The number of permutations that can be formed 
_ out of n quantities, taken two and two together, is 
n.n—1; taken three and three together, is n. n 1. n 2. 
In » things, a, 6, c, d, &c. a may be placed before 
each of the reſt, and thus form 11 permutations ; ; in 
5 H2 8 the 


— . * moni 
— — — = 
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the ſame manner, there are 1 1 permutations where 
b ſtands firſt, and fo fo of the reſt ; therefore there are 


upon the whole u. 1 - 1 permutations of this kind ab, 


ba, ac, ca, &c. 


Again, of 11 things 5, c, d, &c. mew two and 


: two together, there are n—1.4—2 permutations, by 
the former part of the article, and by prefixing a to 


each of theſe, there are 2— 1.7 2 permutations, taken 


three and three, where à ſtands firſt; the ſame may be 


faid of 5, c, d, &c. therefore there are upon the whole 


— — — 


u. u 1. 2 2 ſuch permutations. 


229. Cor. By following the fame 19 1800. it ap- 


Pears, that in 2 things, if r of them be always taken 


— — — 


together, there are n. n 1 1 2. 1— 3 3.—— 1 7 T1 per- 


mutations. 
230. The number of combinations that can be 8 out 


n—T 
of n things, taken two and two together, i An. . taken 


n—-In-2 


e eee 
The number of permutations in the firlt caſe is 


three and three together, the number is n. 2-2 


 2.4—1, but each combination ab, admits of two per- 
' mutations, 4, ba; therefore there are twice as many 
_ permutations as combinations, or the number of com- 


1 — 1 
binations 1 18 0. 1 


Again, there are 1. 1. 2 permutations in # 
things, taken three and three together; and each 
combination of three things admits of 3.2. 1 permuta- 
tions (Ar. 228); therefore chere are 3.2.1 times as 


many 
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many permutations as combinations, and conſequently 


— — — 


1. 1 — I. 1 — 2 
. 
2 31. Cor. In the ſame manner it appears, chat the 
number of combinations, in » things, each of which 


i —— — — 


| the number of combinations i 18 


. — I. 1 2. — 
contains r of them, Is — — 
i I. . 3 weoececet 


ON THE BINOMIAL THEOREM. 


232. The method of raifing a binomial to any 
power by repeated multiplication has before been laid 
down (Art. 117). The fame thing may be done 
much more expeditiouſly by the following general 
rule, which is called the Binomial T heorem. 


Let * +@ be the 15 binomial; and it's 2 power 


— n 1 n — 2 
18 * Þnax +1. 1 r .— 4 3 


&c. Where the index of x, beginning from u, is di- 
miniſhed by unity, and the index of a, beginning from 
o, is increaſed by unity, in every ſucceeding term. Alſo, 
the coefficient of each term is found by multiplying 
the coefficient of the preceding term by the index of 


x in that term, and dividing by the index of à in- 
creaſed by unity. 


Thus, #FA*=x *+64x% + 6.5 88 2 — 


65.43 4.. 6.5.4.3. e ; | 
2 3˙4 1 1 Hes 
＋I S T2 I , 6A. = 


= * on To 


— — 


5 

5 

} 

| 
N 
i 
. 

„ 

| 

1 

k 

4 
1 
n 

4 

11 a 
3 
iP 
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To inveſtigate this theorem, ſuppoſe . 1 quantities, 
x +8, * , xe, &c. multiplied together; it is 
manifeſt that the firſt term of the product will be x", 
and that x, x2, &c. the other powers of x, will 


all be found in the remaining terms, with different 
combinations of of a, 3, ty d, Sc. 


Let x+b. Xe. TA. Xe. = * PY]. ＋ 00 * 


+ &c. and * Ta. 5. x+c.x+0d. &c. = * + Aw" 


+ Bx—+ &c. then "+ AX—"+Bx-* + &c. and 


. SE ATI HEE: &c. . 


* + P + N 2 & 


Tara PA & * hare t the fas ſeries z 


therefore A= P +a, B 2 +4aP, &c. that is, by | intro- 


ducing one factor, x +a, into the product, the coeffi- 


_ cient of the ſecond term is increaſed by a, and by 
_ introducing x+6 into the product, that coefficient is 
Increaſed by b, &c. therefore the whole value of A is 


a+b+c+d4+ &c. Again, by the introduction of 
one factor, x+a, the coefficient of the third term, Q, 


is increaſed by P, i. e. by a multiplied by the nat 


ceding value of A, or by ax AN &c. and the 


fame may be faid with reſpect to the introduction of 
every other factor; therefore upon the whole, 


 B=a.b+c+d+ &c. 
+b.c+ d+ &c 

+c.d+ &c. me 

In the ſame manner, 

Cd. b. cd KM. 
+a.c.d+ &c. ok 
+ E. c. 4+ &c ', EP 
and lo on; that is, A is | the ſuc of the e 1 
| © 7 
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b, c, &c. B is the ſam of the products of any two; 
C is the ſum of the products of any three, &c. &c. 


Let a= . &c. then A, or a+b4+c+d+ 


& c. Sna; BSgHab ac Te &c. “ x the number 

of combinations of a, b, c, d, &c. taken two and two, 
A— 1 

n. BE (Art. 230); in the fame manner it ap- 


pears, that C=n. 85 £2, a*; &c. And * T4. T5. 


* Tc. &c. to 1 factors v +a)"; bende, FED * 


. 1—1 „„ 
Tua +1. ee 3 4 19 3 ＋ dc. 


＋ his proof SO only to thoſe caſes in which » is 

a whole poſitive number; but the rule, as will hereafter 

be ſhewn, extends to thoſe caſes in which » is nega- 
tive or fractional. 


Ex. 1. 
ae 4 "Sox 28G. ISG po- + 56 
ae x, 
Ex. 2. 


1 


I＋T XPS 1+nx +2. — +7. 1 I's x* + &c. 


. 3. 


233. Cor. 1. If either term of the binomial be nega- 

tive, it's odd powers will be negative (Art. 114); and 

_ conſequently the ſigns of the terms, in which thoſe odd 
powers are found, will be changed. op; 


14 Ex. 4. 
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Ex. 4. 
2a „S , 2 — 6 56 a*x* 
19 7 SA TX. 3 


— Js 


"EX. PF 


FEA = a" nd + 11. ; au- = &c. 


2434. Cor. + Vibe index of the power, to which a 
binomial is to be raiſed, be a whole poſitive number, 


J]} ns 


the ſeries will terminate, becauſe the coefficient Men 


22 &c. will become nothing when it is continued 
to 2 1 factors. In all other caſes the number of 
terms will be infinite. 

235. Cor. 3. When the index is a whole volitive 
number, the coefficients of the terms taken backward, 
from the end of the ſeries, are reſpectively equal to the 


coefficients of the ee terms taken forward, 
from the beginning. 


In the firſt example, where 4 ＋x is s raiſed to the 80 
power, the coefficients are 1, 8, 28, 56, 70, 56, 28, 8, 1. 
The coefficient of the 1 IN term is 
1. —1 222 


=1.- The coefficient of 
1. 2.3 ry | 


. ECL ELITES 
4 a term IS. - 1.2 "87. = 13 a the 


. 31 F NA 


Pe ö "RE bs 4 1 . 3 N 1. — 1 
1 — 1* term. 2 — — 
1 . 2. 3 29ꝙ 2 42 2 5, Fo 2 


236. Cor. 4. The {um of the coefficients : beck 


foe dc. „ K 


n 121 
For if x=a=1, then x+ 1 I= 2 1424 
A+ &. | 


. 237. Cor. LY Since * +a” = Kuen + 11. Ls 5 


8 15 a*X"2 + Kc. 


| | 1 ok YT, | 8 
and x- a e H +1, z c. 


by addition, x TN 2 2.8" +2 nan + 

&c. 1 3 
* ＋ D 4 Jo 11 

91 GP . * * ＋ &c. 


e. 


By ſubtrating one ſeries from the 9 


— 1 22 
58 ar-. 155 


8 238. The OT a+b+c may be ike to any 
power, by conſidering two terms as one factor, and 
proceeding as before. a 


Thus, e IT; a +1. 2 b+ E. 


a+ &c. and the powers of e may be e t 
by the binomial theorem. _ 

The theorem by which a multinomial may be 
raiſed to any power, is given by Mr. Demoivre, 
Analyt. page 87. 


ON SUR Ds. 


2 23 9. A quantity may be reduced to the form of; a given 
ſurd, by raiſing it to the power whoſe root the furd er- 
preſſes, ns Mring the radical ji . | 

T hus, 


122 „ 


| Thus, a= ad &e. and a+x = Tce In 0 
the ſame manner, the form of 1 ſurd may be altered; 


thus, FIT Saga), aT Ke. The quantities are 
here raiſed to certain powers, and the roots of thoſe 
powers are again taken, therefore the values of the 
quantities are not altered. 


440 two furds have the ſame * "hos produft 
is found g taking the product of the mere; under the 
figs, and retanning the common index. 


Thus, a" x0" = (Art, 124); Ve * V= V6; 
2 X 4 — =d 4 =. 


241. If the ſurds have coefficients, the product of 
theſe coefficients muſt be prefixed. 


Thus, 4 b = aby/ xy. 

242. We muſt obſerve, t that OS. X WA — a „or 
the ſquare of VA, is —a*; becauſe it it is that quan- 
tity whoſe ſquare root is  @ "RD 
Cor. Hence, x — ab b KVH 
E 24x T ＋3˙¹. | 
243. If the indices of 7700 ſurds a a common deno- 


minator, let the quantities be raiſed to the powers expreſſed 
by their reſpective numerators, and waves Poe may be 


2 fans: as 3 ine 


Ex * 35 8134 1 04 mL and? = 


a+X.4— pY * 


244. If the indices have not a common e 
they may. be POTN lo ater of the ſame value, with | 
4 commou 


S UR DS. 123 


2 common Rs. and their product N as in 
Art. 3435 5: 


Ex. a N A . ” 2 ** = 
4 K* Xa — = 4 again 217 3 Fat x 3% =BX 5 
(Vide Art. 239). Se 


245. If two ſurds have the ſame rational quantity 
under the radical ſigns, their product is found by making the 
ſum of the Hale 22 index of that quantity. 


D-- m man 
: Thus, 4 4 * == gn X an. (Art. 239), 24 „„ 


(Vid. Art. 124). 


E. x Ha . F 


246. If the indices of two quantities have a common 
denominator, the quotient of one divided by the other is 
obtained by raiſing them, reſpectively, to the Powers ex- 
preſſed by the numerators of their indices, and extrafting 
that root of the quotient which is LL by the common. 


denominator. 
254M 1 m 3 I. L 
FE RE OL” 1 BP" bn 
| þn : hn bt | 
, 
ho XF% 2\Mm 
1x | EE i bl : 


2 47- I the indices have not a common denominator, 
reduce them to others of 1 the ſame value, with a common 
denominator, and proceed as before. 

Ex. FAN =o = — Fry = 


FS . 


248. If 


124 „ S RDS. 
248. If two ſurds have the ſame rational quantity 
under the radical ſigns, their quotient is obtained by 


making the di Herence of the indices, the index of that 
guantity. 


| Thus, 4 divided | by 4 , or a. divided by 4 aan 


(Art. 239), that 1 15 2, , is equal to 1 becauſe theſe 


2 


quantities raiſed to the power Mil produce equal RIMS 


5 and 5 
* 2 * 2 | T 
Ex. 2. 2 ＋ 2 = 2 2 
249. The coefficient of a ſurd may be introduced under 


the radical fign, by firſt reducing it to the form 7 the 
furd, and then multiplying as in Art. 240. 


Exs. a = a" XV H, ay? = 4 .; 
* Ze E =; aXa W = Xa— DT * 


49e. =V/10X2=/32. 


250. Converſely, any quantity may ** made the coeffi- 
cient of a ſurd, if every part under the fign be divided 
by this quantity . to the poꝛoer whoſe root the fin 
expreſſes. 

- Thus, Va 3 Va- VA * ay a—x; 


N 


4 2 


exi- es V5 N 
1 ful | Gi LOR 
* 2 l. V =x=VxXV/ =1. 


251. When 


$URDS. 8 = 125 

251. When ſurds have the ſame irrational part, their 

ſum or difference is found by affixing the ſum or difference 

of their coefficients to that irrational part. 

Thus, a απν =a=b, Vx; 55 as; 
Joy 3=5V3= a 15V/ 3 or 5V/ 3. 


252. The ſquare root of a quantity cannot be part : 
rational and partly a quadratic ſurd. 


It poſſible, let Hua ＋ vn; then by ſquaring 
both ſides, 2 Y . 1 4 — mz 


1 — 4 — 
therefore, Vn . rational quantity, which 


is contrary | to the 3 


2353. In any equation x + Vy=2+Yb, conſiſting of 
rational quantities and quadratic furds, the rational parts 
on each fide are equal, and alſo the irrational parts. 


If x be not equal to a, let x=a+m, then a+ m 
TY Sab, or VV; that is, AJ is 
partly rational and partly a quadratic ſurd, which is im- 
poſſible (Art. 252); therefore x * a, and e 


HV. 


254. F two quadratic ſurds, 5 x and y, cannot be 
reduced to others which have the CI irrational ps 
their product is irrational. 


If poſſible, let Vxæy rx, where is a whole num- 
ber or a fraction. Then xy =" , and y=r*x; there- 


fore Hryx, that is, „ and V may be re- 
duced to the ſame irrational part, which is contrary 1 to 
the ſuppoſition. 


255. One 


126 5 SURDS. 


255. One quadratic find, vx; cannot be made up of 


Froo others, vm and Vn n, WER have not t the ſame irra- 


tonal part, 5 


If poſſible, let Vr n A. 1; then by ſquaring 
both ſides, x = m+1n+24/ mn, and == 2m, 


2 rational quantity equal to an Irrational one (Art. 


2 254); ; which 1s abſurd. 


256. Lei Abe =x+y, where C is an even number, 
a, a rational quantity, b, a quadratic Jon a, x and y, one, or 


both o them, quadratic ſurds, then a— 895 X y. 


ä "By involution, re-. Let 7 1 —3 * | 


c=1 | 5 e | 
c. . ob &c. and ſince c is even, the odd 
terms of the ſeries are rational, and the even terms 


r „ 
irrational; therefore a=x*+c. $ x— ＋ &c. and 


b= ny i * 35 + | &c. (Art. 253); 


7 I C— ICf—2. 
hence,s —b = 15 C1 y+c. TY ad. 


TEST 
4 


* &c. and 1 4 b =x—y. 


257. If c be an odd number, a and b, one or both, 


quadratic fſurds, and x and y involve the fon ſurds that 


a and b do, reſpeRtively, and e a+ = X + y. then 
2 X-. 


By 


s UR DS. 127 
By 11 Jutz . 1 n 
By involution, a＋ = , I 7 


3 9 305 + &c. where the one” terms in- 


volve the ſame ſurd that x Joes, becauſe c is an odd 
number, and the even terms, the ſame ſurd that y 
does; and ſince no part of a can conſiſt of Y, or it's 


pin fag 255), a= RY + &c. and 5 2. 


1214 

b ; 3 + - Us hence, « a — * 2 
r 

ce. fe —C. N +&c. chere. 


fore, by evolution, a— e 9 


258. The ſquare root of a 1 one of - whoſe 
factors is a quadratic ſurd, and the other rational, may 


ſometimes be expreſſed by a binomial, one or both of whoſe 
factors are quadratic ſurds. : 

Let a+ Let a+ b be the given binomial, and ges | 
Wat b= x +y, where * and y are one or + both 
quadratic ſurds, . 
| then „ = (Art. 4 

by multiplication Va —b=x'= * 


alſo by ſquaring both ſides of the firſt equation, 


a+by/ b=x* +2xy+y* 
and a=x*+y* (Art. 253), 
by addition a+ if —b= 25 


- — — — 
— 


by ſubtragtion, a— Nags e and the root x+ 
* CL ESTER, 


F rom Fox concluſion it 0 that the ſquare 


root of a+ V can only be expreſſed by a binomial 


of the form x +y, one or both of which are quadratic 


ſurds, when a*—b is a perfect ſquare. 


The 3 of x and y are = . Ee © and 


PER mo —.— — there are therefore four different 


values of = ”; two of which were introduced in the 


operation (Vid. Art. 149), and will not anſwer the 


conditions of the queſtion. 


aa 
Required the ſquare root of 3 PRI 2. 
In this caſe, a= 3, 0 Vb=2\/2, and a*%— b= + Zoos 


=1; hence, * Vs, and 52 Viz 


=1; therefore, x + y= V 2+t. 
Ex. 2. 


Required the ſquare root of 5 — 2/10. 


ee 7 Hie grad Ax 


=v/5; allo y=y/ EA os therefore, X-y= 
V5 -vV2, che root 1 


4. 


Required the ſquare root of 44/=;=-1. 
Here, a=—1, V 4 2 —b=81,and æ⸗ 
he e; 2; Alſo, 5. 2. 553 there- 


fore the root required 3 is 2 —=5 75 


K 


THE END OF PARTI. . 
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ON THE NATURE OF EQUATIONS. 


259- A* Y equation, involving the powers of one 
unknown quantity, may be reduced to the - 
form & Pr &c. = o; where the whole 
expreſſion is made equal to nothing, the terms are 
arranged according to the d imenſions of the unknown 
quantity, the cocthcient of the higheſt dimenſion is 
unity, and the coefficients, P, Jr, &C. are affected with 
their proper ſigns. Rn 
An equation, where the biden of the higheſt power 
of the unknown quantity is 2, is ſaid to be of 2 
dimenſions ; and in ſpeaking ſimply of an equation of 
7 dimenſions, we underſtand one reduced to the above 
form, unleſs the contrary be expreſſed. I 
Cn 5 I 22560. Any 
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260. Any quantity, x" p. . . + P A. 
may be de ſuppoſed to ariſe from the multiplication of 
4 4. x—b.x—c. &c. continued to u factors. 3 
For, by actually multiplying the factors together, 
we obtain a quantity of dimenſions, ſimilar to 
the propoſed quantity, * p , Kc. and 
if a, ö, c, &c. can be fo aſſumed that the coefficients 
of the correſponding terms in the two quantities 
become equal, the whole expreſſions coincide. And 
theſe coefficients may be made equal, becauſe we ſhall 
have ꝝ equations, to determine the # quantities a, &, 
e, d, &c. (Vid. Art. 145). If then the quantities, 
a, b, c, d, &c. be properly aſſumed, the equation 
* pe + 2 &c. = o, is the ſame with 
* a. x F. c. &c. = 0*. 5 
We cannot ſuppoſe x” — pw + 7 &c. to be 
made up of more, or fewer, than u ſimple factors; 
becauſe, on either ſuppoſition, the reſult would not be 


of the ſame number of dimenſions with the propoſes 
quantity. 


261. The 


* This proof, which is uſually given, is imperfect; for if the 
x equations be reduced to one, containing only one of the quan- 
tities, a, this equation is a"—pa""+9ga""*— &c. = o, which 
exactly coincides with the propoſed equation; in ſuppoſing theres 
fore that à can be found. we take for granted the propofition to be 
proved. The ſubject has exerciſed the {kill of the moſt eminent - 
algebraical Writers, bat their reaſonings upon it are of too abſtruſe 
a nature to be introduced in this place: The Learner muſt, at pre- 
ſent, take for granted, that an equation. may be made up of as 
many ſimple factors as it has dimenſions; and when he is farther 
advanced in the ſubjeQ, he may conſult Dr, Tong 8 To 
Page 272, 6 


4 


= NATURE OF EQUATIONS. 


261. The quantities a, b, c, d, &c. are ated 
roots of the equation, or values of x ; becauſe, if any 
one of them be ſubſtituted for x, the whole expreſſion 
becomes nothing, which i is the only condition pro- 
poſed by the equation. 
682. Every equation has as many. roots as it has 
dimenſi bons. 

If an — = prIbga* & c. = ©, or e 
0 F c. &c. to u factors = ©; there are quantities, a, 
B, c, &c. each of which, when ſubſtituted for x, 
makes the whole = o, becauſe in each caſe one of 
the factors becomes = o; but any quantity different 
from theſe, as e, when ſubſtituted for x, gives the 
product e. = Ste = c. &c. which does not vaniſh, 
becauſe none of the factors vaniſh; that is, e 
will not anſwer the condition which the equation 
requires. 


263. When one of the roots, a, is obtained, the 


—— — —— — 


equation x—a.x-bax—c. &c. o, or * p =I 
4 &c. o, is diviſible by x — a, without a re- 
mainder, and is thus reducible to x . x c. &c. =o, ; 
an equation one dimenſion lower, whoſe 1 roots are b, | 
7 &c. | | 
* > One root of the equation Y+1=0, is — 1, 
or y+1=0, and the equation may be depreſſed to a 
quadratic, in the following manner pn” 


J+1 
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„ib 0 
* 


855 | 
* = 
— 
4341 
41 


* 

Hence, the other two roots are the roots of the 

quadratic y'—y+1 = 

If two roots a and 3 be obtained, the equation is 

_ diviſible by & 4. * — 5; and thus it may be reduced 
two dimenſions lower. 

Ex. Two roots of the equation x*%—1 =o, are +1 

and—1, or x—1=0, and x+1=0; therefore it it may 

be be depreſſed toa biquadratic by dividing * * — I. 

*+1, or 2 75 —1. 


1) 5 16 +1 
* — of. 
— 
* — x* 
t 
** — 1 : 


Hence, the equation x*+x* +1 =o, contains the 
other four roots of the propoſed equation. 


264. Converſely, if the equation be diviſible le by 
x — a, without a \ remainder, a is a root ; if by *— a. 


13 | * b, 


—— 
— 


— 
A i» Lge 2 

D — 
— — —U—ꝑ— 


—2— 


— * a+ + — 3 . — 18 % [ 2 1 2 ) = 2 * >a _ * 1 2 4 4 ee wt. O, *; dy P N . C_ P — * 
— — 1 gb, wy pn, en v ” n . e 33 5 << b” 6 4 * 6 N 2 * D n ere 7 * n A ts 7 9 . q 2 " * — . 
— I A I 'S J n Y 5 — 5 7 I * * . 3 4 5 of a p F W* * 1 5 1 n ** 1 * ky 4 * 7 P — 

9 , L p g ” 8 WS 4 . a - N 6 - 1 8 yi * K 4 : 2 ö p 1 — — E 

a — : 6 4 as 4 > « * p 5 4 a 4 1 5 EN ; 2 . 2 *2 . 3 1 d * 
— — — — — — * — 6 — bs P N 1 5 — * > 2 3 4 * 7 
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Kb, a and 5 are both roots; &c. Let © be the 
quotient arifing from the diviſion, then the equation is 
* 4. —-b.9 =o, in which, if a or # be ſubſtituted 
for x, the whole vaniſhes, 

265. Cor. f. If a, b, c, &c. be the roots of an 
equation, that equation is x — a.x— 5. x c. &c. S. 
Thus, the equation whoſe roots are 1, 2, 3, 4, is 


* — 1. x 2. x — 3.5 4 0; or * — 10 +3 5x*— 50x 
＋ 24 0. The equation whoſe roots are 1, 2, and 
—3, is & — 1. & — 2. 3 =0; ora — 7x+6 G. 
266. Cor. 2. If the laſt term of an equation vaniſh, 
it is of the form & — p . . 
hich is diviſible by x, or x — 0, without remainder; 
therefore, o is one of it's roots; if the two laſt terms 
vaniſh, it is diviſible by x*, without remainder, or by 


X—0.x—0, that is, two of i it's roots are 0; &c. 


267. The coefficient of the ſecond term of an equation, 
is the ſum of the roots with their ſigns changed; the 
coefficient of the third term, is the ſum of the products 
of every two roots, with their ſigns changed ; the co- 
efficient of the fourth term, is the ſum of the produtts- of 
every three roots, with their fi ſons changed, Sc. and 
the laſt term is the produtt of all the roots, zeith their 
ſigns changed. 

Let a, b, c, &c. be the roots of the equation; then 
* 4. — . xc. &c. o, is that equation; and by 
Art. 232, it appears, that when theſe factors are mul- 
tiplied together, the coefficient of the ſecond term is 
the ſum of the quantities — 3, — 5, — c, &c. the 
coefficient of the third term, the ſum of the pro- 
ducts of every two, &c. and the laſt term, which 

0 does 
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does not contain x, is the Ons. of all thoſe 
quantities. 


268. Cor. 1. If the roots bs all 3 he Ges 
of the terms will be alternately + and =. For the 
product of an odd number of negative Justi is 
negative, and of an even number, poſitive. But if the 
roots be all negative, the ſigns of all the terms will be 

' Poſitive, becauſe the equation ariſes from the multi- 


J eG Lora 


plication of the poſitive quantities X ＋T4. x+6. e. 
& c. | 
| 269, Cor. 2. Let tha roots of the equation ** — 


pri... +Px*—- Ax TRS o, be a, b, c, d, &c. then £ 


RSabed (n); = bed (n—1) ＋ acd (1 1) +atd 
( 1) + &c. and Ni + &c. that 3 18, the 


coefficient of the laſt term but one, divided by the 
laſt term, is the ſum of the reciprocals of the roots. 


In the ſame manners == at —+ 47 ai : 
+ &c. | 

270. Any equation, it has been obſerved, may by 
conceived to ariſe from the multiplication of the ſimple 


— — 


factors »—a.x—b.x—c. &c. or by taking two or more 
of theſe together, it may be ſuppoſed to ariſe from the 
multiplication of quadratic, cubic, &c. factors, if the 
dimenſions of theſe factors, together, make 1 the 
dimenſions of the propoſed equation. 


Thus, a cubic may be e ſuppoſed to be the product 5 
of ſimple factors, * *. = o; or of a qua- 


— 


dratic and a ſimple factor, * — Pu Ef co, &c. 
14 > 1+ 81-0 
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271. If the coefficients; in any equation, be whole num- 
Bers, it cannot have a fractional root. 


If poſſible, | let; p a fraction i in it's loweſt terms, be 


Wl root of the equation 1 — beg. =0 3 
a" part gant 


then 7 + 55 &c. =0; and by tranſpoſi- 
| a” „ bf gan? A 
tion, ** Dr = + &c. or 7 * pa 


9 + &c. that is 75 a flaction in it's loweſt 
terms (Art. 190. Cor. 2), is equal to a whole num- 
ber, which is abſurd ; therefore 5 is not a root of the 
equation, PT i 


272. The rodts a, , c, hs; of an equation are im- 


poſi ble, when, as is frequently the caſe, they involve 
che ſquare root of a negative quantity. | 


2 73-  Impoſ ble roots enter equations by pairs. 


If a+ —# be a root of the equation x pre- 10 
+ &. So, then 2 — V N is alſo a root. - 


For * in the equation, fubſtitute a＋ = I, and 
the reſult will conſiſt of two parts, poſſible quantities, 
which involve the powers of à and the even powers of 


A — , and impoſſible quantities, which involve the 


odd powers of /; call the ſum of the poſlible 
quantities 4, and of the impoſſible B B, then A+B is 
the whole reſult, Let now, 2 A, be ſubſtituted | 
for x, and the poſſible part of the reſult will be the 
fame as before, and the Nats part which ariſes | 

from 
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from the odd powers of '— &, will only differ 
from the former impoſſible part in it's ſign; therefore 
the reſult is A- B; and fince by the ſuppoſition 
a+y/ —Þ is a root of the equation, A+B=0; in 
which, as no part of A can be deſtroyed by B, Ao 
and BSc; therefore 4—B =o, that is, the reſult, 
ariſing from the ſubſtitution of a— V for x, is 

nothing; or a= V/ is a root of the equation. i 


The truth of the Re is alſo manifeſt from 
this conſideration, that if x* — t = o be a qua- 
dratic factor of the equation (Art. INE. two values 


ELM . SEALS 


of * are 


-, , whichare 
either both "offible, or both impoſile 


274. Cor, 1. Hence it follows, that an equation of 
an odd number of dimenſions, muſt have, at leaſt, one 
poſſible root; unleſs ſome of the coefficients are im- 


= poſſible, in which caſe the equation may have an odd 


number of impoſſible roots. 
275. Cor. 2. By the ſame mode of reaſoning it 
appears, that, when the coefficients are rational, ſurd 


roots of the form NV, b, or a "RW b, enter equations 
by pairs, 
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_ EQUATIONS. 


Be It the fans of all the terms in an ; equation. be 
changed, a s roots are not altered, 


Let 
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———— 


Let x — A. — Fa NK. 0 teen 2. e of 


— — 


x—c. vaniſhes when 4, 6, c, &c. are ſubſtituted for x. 


277. If the fi fons of the alternate terms, beginning 
with the ſecond, be changed, the figns of all the roots 


are changed. 


Let N- Pp 9 + W 69; be an equation 


whoſe roots are a, ö, — c, &c. for x ſubſtitute — 5 
and, when u is an even number, * — gy 


&c. o; but when z is an odd number, =p" — pr 
+9qy—*+ &c. o, or changing all the ſigns (Art. 
276), *+py"7— % &c. So, as before; and 


ſince x = 9 or y= — x, che values of y are — 4, — b, 


Fe, &C. 

Ex. Let it be required to change the ſigns of the 
roots of the equation x® — fr oo. 
This equation with all it's terms is x%+0 — = gx+7 
=o; and changing the ſigns of the alternate terms, 


we have * — O- g - o, or 8 —qu—r=0, an 
equation whoſe roots differ from the roots of the 
former, only in their ſigns. 


278. To transform an equation into one whoſe roots are 7 
greater or leſs than the correſponding roots of the original 
equation, by any given quantity. 


Let the roots of the equation x? — pa? ＋ 41 r=0, 


be a, b,c,; to transform it into one whoſe roots are 


a fe, Pre, cre. 1 


Aſſume x+e=y, or x y- e; 
* = ey T3 e » 


pr = pf +2209 pe 3 
. ĩͤ 
— = „ 
In 
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In this laſt equation, fince re the values of 
Jun ae, „e, ce. 

If y+e be ſubſtituted for x, the values of 1 . in the 
reſulting equation will be a—e, b—e, c-. 
279. In general, let the roots of the equation 
x —PX"'+q3z* — &c. o, be a, b, c, &c. Aſſume 
Yee, or x =y+e, and by ſubſtitution, 

Ls 


Le ds be tek OR coo nere“ 
rn p -I peg. == 1. fey — pm? 
+ „ + 97 . 42. ds 8 

xc. = the 


and ſince y= =x—e, the values of 75 in chis equation, 
are a—e, Be, c- e, &c. 

Me may obſerve, that the laſt term n of the 1 
equation, e e &c. is the original quan- 
tity, with e in the place of x; the coefficient of the 
laſt term but one, is obtained by multiplying every 
term of &G—pe& te &c. by the index of e in 
; that term, and diminiſhing the index by unity ; the 


coefficient of the laſt term but two, na. 5 E 


* — D pe 2 &c. is obtained in the 7 


| 4 manner from the coefficient of the laſt term but 
one, dividing every term by 2; &c. | 
280. One uſe of this transformation is, to take 
away any term out of an equation. Thus, to tranſ- 
form an equation into one which ſhall want the ſecond 


term, e muſt be fo aſſumed that ne - po, Or 1 


( here 4 is che coefficient of the ſecond term 
with 
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with it's ſign changed, and the index of the 
higheſt power of the unknown quantity); and if the 
roots of the transformed equation can be found, the 


Toots of the original equation may alſo be found, 


becauſe x +. 


Ex. 1. Let * — Pr = o be the propoſed equa 
tion. Aflume * = +, , then 


r | 


= 5 BY | 
9 l 
+9 = +]. 
or * — 175 — 05 ; hence y* == = _ fo and » == 
p—* 
* 45 EF IR Po 7 9 
Ex. 2, 10 transform” the equation x* - gx* +7# 


+12=0 into one which ſhall want the ſecond term, 
Aſſume x=y+3, then 

ene 

9 = 99 54 87 * 
+7z= ' + 73+21 | 
„„ ＋ 124 | 
that is, y*—205—21 =0; and if the values of y be «, 
b, c, the values of xare a+3) b+3 and eg. 


281. To take away the third term of the equation, 
e e muſt be ſo aſſumed, that De —1—1,pe+q=0. 
In 
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In this caſe we ſhall have a dae to ſolve; and in 
| general, to take out the ]] term, by this method, 


it will be neceſſary to ſolve. an equation of m— x 
dimenſions. 


Ex. To ace the ee * 6 ＋9 1 
So into one which ſhall want the third term. 

Here 12 37 p=6 and 1=9; therefore 1 | 
1-1 Pe 7 = o becomes 36 12e+9=0, or 82 40 
yp 3 eo, in which the values of e are 1 and 13. e 
* = + 3, then _ 


* = +957 +279427 | 
— 64* = = 67 -36)-54\ 
+9e =, + g 


that i is, +35 —1=0. . In the ſame manner, if x= 
FL. the transformed equation. will want the third 
term. 


- 2 82. To transform an . into one whoſe roots 


are the roots of the ori 1ginal equation whitiphed. b y wy 
| Furs quantil . 


Let the roots of the equation ** — pe- 


ccc. o, be a, b, c, &c. to transform it into one whoſe 
roots are ma, mb, mc, &c. 


 Aﬀfume y= Aux, or 15 ; then ſubſtitute this value 


| | 12 n n= gy m=2 


&c. = ©, or, multiplying by *, y' . + 
ni & c. o, an equation whoſe roots are ma, 
ts nc, &c. 


283. This 


{ — 2 : n nd 
*% bAF, © 2 * @- » 
* ; - 1. FT, . $ — fb 
„„ —— 2 2 — DR — — vn — 
5 — — 
- 


- a a FRET 3 — r „ 14 r n 
g = 1 2 . 2 * : 8 F = 2 
pt n . _ 4 "ESE _ > . ; 4 n 
* P 4 
” _ 2 . 
” 1 — — — — 
r ůĩ — — 7 ˖—ÜꝙvũßðÜ5³ðWꝛC e — _—__— , 
8 * — 
% 
- 
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283 This equation differs from the former, only 
in Oey the ſucceſſive terms multiplied by 1, my 
a, Hee: | 


I. Cor. 1. By this transformation, an equation 
may be cleared of fractions; or if the firſt term be 
affected with a coefficient, that CES may be 
taken away 


Ex: 15 Let * Eren + &ic. = =0z; 


by multiplication, mux” — nx" +mqu— mu ry 
＋&c. =0; transform this equation into one whoſe 
roots are mn times as great, and my. — mp "+ 
nn: gya — mufr y=3 + & c. o, or = Ap 


mngqy > — e * abas + &C. = % an equation of the 


- uſual form. 


Ex. 2. Let it be required to transform the equa- 
tion 3)*-qy+r=0 into one in which the coefficient 


of the higheſt term is unity. 


The equation with all it's terms is 3 Y+0- qy +r 


 =0; transform it into one whoſe roots are three 


times as great, by ſubſtituting 7 for y; then 32* +3 X ; 


— 9942+27?=0, or 2 372 T9 =0, an equation of 


the required form. 


28 5. Cor. 2. In any equation, if the coefficients of 


the ſecond, third, dern terms, &c. be diviſible, re- 


ſpectively, by m, mi, mm, &c. the roots have a com- 
mon meaſure, . 


286. Cor. 3. An a may be transformed | into 


one whoſe roots are — — part of the roots of the former, 


by 
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by dividing the ſecond, third, fourth, &c. terms by: 


m, m, nm, &c. reſpectively. * 


287. To transform an equation into one whoſe roots are 
the reciprocals of the roots of the given equation. 
Let the roots of the equation x" pee 
... . Px No, be a, b, c, &c. to transform it into 


one whoſe roots are 3 . „&c. 
5 a b c 
| AJume = # or == 1 then, by ſubſtitution, 5 
Al ow” bad? 3 1 
lb 51h 
. AY 2 
7 1 +9 =P TA oo; chat is, WV. 
. +27 =; and fince =; A the 


— * o, and multiplying by 


values of y are = 


a > 7 2 =, &c. | 

288. 8 1. 1f any term in the given equation be 
wanting, the correſponding term will be wanting in 
the transformed equation; thus, if the original equa- 
tion want the ſecond term, the transformed equation 
will want the laſt term but one, &c. becauſe the 
coefficients in the transformed equation are the 
coefficients in the original en in an inverted 
order. 


289. Cor. 2. If the coefficients of the terms, taken 
from the beginning of an equation, be the ſame with 
the coefſicients of the correſponding terms, taken from 
the end, with the ſame ſigns, the transformed will 
coincide with the original equation, and their roots 
will therefore be the ſame. 


Let 


S. rern N Sr er . F hoes rot 0 Ane 1 I N 
9 r n - 1 2 r 34 — 1 N 2 22 er * < 3 * S tt iether Te rw "+ wW - * 
. R ; J 4 = ne ogg PEE : * 2 n 9 * PL ne es * : * — 2 


1 
of the roots of the original equation, therefors 53 


| form £9 b, I 


_ 
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Let a, b, c, be roots of the equation x" — PN + 


2 . + * — pr o; the transformed 


equation will be * Pei. g =py+ 
1 o, and, a, b, c, muſt alſo be roots of this equa- 


tion; but the roots of this equation are the e 
35 
5 , are alſo roots of the original equation. 


Ex. The roots of the « equations, x* — px + 4 * —þx | 


+1=0z 7 +1=0; and 1 are of the 


1 
5 


290. Cor. 3. If the equation be of an odd num- 


ber of dimenſions, or if the middle term of an equa- 


tion of an even number of dimenſions be wanting, 
the ſame thing will hold when the ſigns of the cor- 


_ reſponding terms, taken from the e and end, 


are different. 
Ex. The roots of the equation * — bub I 


o, are of the form 1, a, > 7 F or in this caſe if 


the figns of all the terms of the transformed equation | 


be changed, it will coincide with the original equa- 
tion; and by changing the ſigns of all the terms, we. 


do not alter the roots, (Art. 277). 


291. The equations deſcribed in the two Laſt corol- 
laries are called recurring equations. e 


9. Cor. 4 One root of a recurring equation of 
an odd number of dimenſions, will be +lh,or=-'T, 
ys according 
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according as the ſign of the laſt term is — or +; and 
the reſt will be of the form a, L 45 3, 35 Ke. : 
For if + 1, in the former caſe, and — 1, in the 
latter, be ſubſtituted for the unknown quantity, the 
whole vaniſhes ; thus, if * —pxt + * — qx*+px—TL. 
So, and for x we ſubſtitute +1, it becomes 1 
+9-q+p=1=0; and it appears from Art. 290, 
that if 4, B, (fs &c. be roots of the equation, 1 7 2 
Kc. are alſo roots. 8 | 

29g. To transform an equation into one whoſe roots are 
the ſquares of the roots of the given equation. 

Let * pH + gum r + $404 —&c.=0; % 3 
tranſpoſition, "+ gx +5 4+ &c. pr = 
+ &c; and by ſquaring both ſides, x" + 225 + 
F Þ+25,0%04 + &c, = a + Kc. and 
again by tranſp. x” — p* 2.1 4 — 2pr+ 25. 4224 . 
— &c. =0; aſſume y=x*, then ˙ p*— 29.9 7+ 
7 — 2p ＋ 2. — &c. So, in which equation, the 

values of y are the ſquares of the values of x. 


294. Cor. If the roots of the original equation be 
a,b, c, &c. then p* Wa fon Sa- TUT + Kc. 45 —2pr 
+25=#0 ++ +&c. (Art. 267). 

| Thoſe who wiſh to ſee other transformations, may 
_ conſult Dr. Waring's Meditationes Algebraicæ, Prob. 
5; and indeed, whoever would fully underſtand 


the nature of equations, muſt have recourſe to chat 
f work. TH . | 


4 2 . 4 . 7 0 A 82 5 Fl 1 2 2 
— 4 £ N 


Vor. I. 3 7 K | s 0 0 
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ON THE LIMITS OF THE ROOTS or 
5 EQUATIONS, 


295. If a,b, c, — d, &c. be the roots of an equa- 
tion taken in order, that is, a greater than 6, 5 greater 
chan c, &c.* the equation is & 4. 1 F. c. A Fd. &c. 
=o; and if a quantity greater than à be ſubſtituted 
for x, as every factor is, on this ſuppoſition, poſi- 
tive, the reſult will be poſitive; if a quantity leſs than 
a, but greater than , be ſubſtituted, the reſult will 
be negative, becauſe the firſt factor will be negative 
and the reſt poſitive. If a quantity between 5 and c 
| be ſubſtituted, the reſult will again be poſitive, be- 
cauſe the two firſt factors are negative -and the reſt 
poſitive, and ſo on. Thus, quantities which are 
limits to the roots of an equation, if ſubſtituted for 
the unknown quantity, ** reſults alternately poſitive 5 
and negative. ; 

296. Converſely, if two magnitudes, when ſubſti- 
tuted for the unknown quantity, give reſults affected 
with different ſigns, an odd number of roots muſt lie 
between them; and if a ſeries of quantities can be 
found, which give as many reſults, alternately poſitive - 
and negative, as the equation has dimenſions, theſe 
muſt be limits to the roots of the equation; becauſe 


an odd number of roots lies between each two ſuc- 


ceeding 


„ „h this de the der 4 b, the K6 u Aut Wiknchide * 
a, 6, c, — d., &c. are ſaid to be the roots of an equation taken in 


order, a is ſuppoſed to be the greateſt. Alſo, in ſpeaking of the | 


limits of the roots of an equation, we underſtand the limits A the 
paſble roots, | 


& 
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ceeding terms of the ſeries, and there are as many 
terms as the equation has dimenſions; therefore this 
odd number cannot exceed unity. 


297. If the reſults ariſing from the ſubſtiturion 
of two magnitudes, for the unknown quantity, be 
both poſitive or both negative, either no root of 
the equation, or an even number of roots, lies be- 
tween them. 


298. Cor. If n, and « every quantity ; qrenjer than , 
when ſubſtituted for the unknown quantity, give 


poſitive reſults, n is greater than the * root of 2 


the equation. 


299. To find a limit greater than the greats root ” ” 
an equation. 
Leet the roots of the equation be a, b, c, &c. tranſ- 
FI it into one whoſe roots are'a—e, - k, c—e, &c. 
and if, by trial, ſuch a value of e be found, that every 
term of the transformed equation is poſitive, all it's 
roots are negative (Art. 268), and conſequently e is 
greater than the greateſt root of the propoſed equation. 


Ex. 1. To find a number greater than the __ 
root of the equation x — 5x +7x— 1 0. 
Aſſume x =y+e, and we have 725 
F.. 
— Sf — Io0ey - ge ( 
e 
| 22 wo Fs 
in . equation, if 3 be ſubſtituted for e, each of 
the quantities, &— ge +1e—1, 360 10% 4), 3e 5, 
is poſitive, or all the values, of y are negative; there- 
fore 3 is greater than the greateſt value of cx. 
K 2 Ex. 2. 


e 
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Ex. 2. In any cubic equation of this form, * 4¹ 
Tro, Vi is greater than the greateſt root. 

By transforming the equation, as before, 

„geh; a e 

3 4 8 19 e (=O, 
5 „ fo e 
and ſubſticoting V fore, „3 429 ＋ = = 0, 
every term of which is poſitive; therefore 4 is 3 5 
than the greateſt value of x. 


+ 


| 200. Cor. If the ſigns of "TY roots be chakghs: | 

a limit greater than the greateſt root of the reſulting 

equation, with it's ſign changed, is leſs than the leaſt 

root of the propoſed equation. | | | 


Ex. Required a limit leſs than the leaſt root of the 
equation Y — 39y+72=0. 
When the ſigns of the roots are changed, this equa» 
tion becomes y 35 72 . | 

Aſſume ye; then vw 
 H+3ex" + ge 'x+e © 
| — 3 —3e 

us te At 

and if 5 be ſubſtituted for e, every term 8 3 

tive, conſequently 5 is greater than the greateſt root 


of the equation y* — 37 28 =0; and - 5 leſs than the 
leaſt root of the equation 53 7 ＋ 72 * 8. 


301. The greateſt negative coefficient increaſed by unity, 
is greater than the. greateſt root of an equation. 

Loet x. pe- &c. =0, and if the —_ | 
ficient be eqn) ** — — 5 — 3 Kc. So, or & 
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RITTER... 1 ＋* T 1=0; therefore * px 
* — 1 
XX] 


20 (Art. 222). In this equation ſubſtitute : 


1+þ for XN, and the reſult 1 IS I + N- -px LEE, —1 


or + 13 and if any of the coefficients be leſs than p, 
the Shen of the ſeries, to be taken from x” will be di- 
minithed, and the reſult greater than before. Allo, 
if for x, any quantity ſtill 1 518 be ſubſiirured, 


as s p+m+ r, the reſult is 5 FD" — Lox 


p_ A 
77 ＋2 wo _— FR Boer 
| poſitive quantity ; ; 1 1 + p is * than the 
greateſt root. (Art. 298). 


p+m+ 


302 In any equation, * — pr.. gu — 1 344 
- &c. o, whoſe Toots are poſſible and poſitive, 

ar — — pr +25 
= . * "a Fe. 3 is leſs than 
the 8 root. 


Let a, ö, c, &c. be ho. roots, taken in order; then 
e + &c.=q, and 4 is greater than each of 


M Ge COSTS 7g GY IRIS. 
theſe products, therefore 1. a (Art. 230), 1s 


greater than 9, or a is greater than V. „1. 


wy | Alfo, 


3 


= ms + Offs 


e 4 18 s the © gn root, na is greater Regs 4 "ey 
n 3 = &c. or ba 273 that is, a is Te! than _ 


SE e _—_— 


as e SOT + &c. (Art. f 
294), and a is : greater than each of theſe produdts, 


1— 1 — 
of which there a are u. = therefore or 7 4 is greater | 


* be e . Kc. or rg —2prp 2s; that 1 is. 


a is greater than Ba ESI 1 


3e. Cor. if the 3 hive both poſitive and 
negative roots, and — d be theleaſt root ; then, when d 


is 3 than the greateſt root, it 15 emer, . | 
: HP, 

1 „ or e eee 

N 4 


the 


2 


3⁰⁴. The roots of the ojuation nx" — FT px 
ITI 2.13 &c. So, are limits between the roots of | 
the equation & — N . Sc. So, when _— 
vort of the latter equation are poſſible. 


Loet the roots of this equation, en in order, * 5 
a, b, c, — d, &c. and in it, for æ, ſubſtitute ye, then : 


" NG 279, . ; i | 
NE Tue yk. . N —_ +. 5 
e P ey . 9 8 5 "x 
| en TIEN}; hos 1 
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the roots of which equation are 4 e, 5 e, ce, 
Ade, &c. and the coefficient of the laſt term but 


one of any equation of ; dimenſions, is the ſum of the 


rectangles under - 1 roots, with their ſigns changed, 
(Art. 267); therefore, 


e 2 N &c. 
14 4 45. JA &c. 
_ a. e cle Cd. 9 
e e. 
in Which if a, 3 , d, Kc. be ſucceſſively ſubſtituted 
for e, the reſults are, 
a—=b.a—c.a+d. &c. which is poſitive, 
8 b-ab-cb+d4. &c. negative, 
 c=a.c>bi+d. &c. Kc. poſitive, 7 
| — J. 242 5. AC. &c. negative, &c. 
therefore a, b, c, —d, are limits to the roots of the 
equation ne 11-1 I pe +K&e. =o (Art. 296), or, 
ſubſtituting : x for e, to the roots of the equation 
1X 1 1,05 + &c. o. Let a, B, y, &c, be 
the roots of this equation, taken in order, then a, «, 
b, B, c, y, .d, &c, are arranged according to their 
- magnitudes, that 1 is, a, Q, , &c. lie between the roots 
of the equation *. pre N & c. 00. 
305. Cor. 1. It appears fre from the preceding de- 
monſtration, chat nx"—3 — 1— 1—1 Pr A2 2.9 
Kc. =* 4. — . x c. &c. + 4. b.x+d. &c. 
| ＋ =. T .d. &c. +x c +4. &c. where 
4, ö, c, d, &c. are the roots of the equation x*— pr 
+ qx"=*— &c. =03 2 alſo r &c. = 


„% ws 


* 4. x — . Sd &c. therefore, * 
. 5 1 


n pez. 
Je- &c. | 
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* 


. 2. % = &c. 11 3 
FT Bp ds ene TOUS FS WS 


ny _ 2. 2 the keidag equation to een = 
FEEL +00 Z. 91 Nc, So be taken, it's roots 
will lie between the firſt and third, ſecond ing fourth, 
&c. roots of the firſt equation. 


- 307. Cor. 3. The original equation has as many 
poſitive roots, and as many negative, as the limiting 
equation, and one more, which will be poſitive or 
negative according to the nature of the equation. 

308. Every 3 whoſe. roots are poſſible, has as 
many changes of ſigns from + to — and from = to +, 
2g it has poſitive roots; and as many continuations of the 


fame fign, from + to Te and Shyam to —, 45 . et 
nw roots. 


Let w— pr. ... = Sx * P * o, the equa · 
tion of limits is 1 111 e,, , 
=P=0, which, as far as it goes, has the ſame hgns 
with the former; and therefore the original equation 
will have one more change of figns, or one more con- 
tinuation of the ſame ſign, than the limiting equa- 


tion, according as the . of P and fe are different, 
or the ſame. 


| Suppoſe 4, G, 1 &c. to be the roots of the liamit: 
ing equation; then the roots of the original equa- 
tion are, by Art. 30), of this form, a, 5, c, = d, &c. 
therefore, P= 4 X N — y x &c. and 2= — 4 
* 8 —£X F 4X bec. (at 267), which rect. 
* angles 
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angles will have the ſame ſign when the multiplier 4 

is poſitive, or the root (—d) negative, and different 
| figns when that root is poſitive, It appears then, that 
if the original equation have one more change of ſigns 
than the limiting equation, it has one more poſitive 
root; and, if it have one more continuation of the 
Ts ſign, it has one more negative root; therefore «. 
the equation Aut B 05 Kc. (=O. or * —.— 
Edt &c. So, have as many changes of bens as 
it has poſitive roots, and as many continuations of the 
ſame fign as it has negative roots, the ſame rule will 
be true in Go next ſuperior equation & pn 1+ 
7 — & c. o. Now in every ſimple equation 
* 4 o, or X+4=0, the rule is true, therefore it 
is true in every quadratic x* = pa = = q=0; and 
if it be true in every quadratic, it is true in every 
cubic; and ſo on; that is, the rule is true in all 
cCaſes: 20 
In: the demonſtration, each root, = Sy is poked 
to be diſtinct from the reſt, and a pollible quantity. 
- Hence, when all the roots are poſſible, Ws DARE 
of poſitive roots is exactly known. 5 - 


Ex. The equation * + * — 14x+8= o. bas tuo 
poſitive and one negative root; becauſe the fi igns are 
+, +, = 2 +, in which there are two changes, one 
from + to —, and the other from to +» and one 
continuation of the fign . 


zog. When any coefficient vaniſhes, it may be confi dell ; 
either as pofitive or negative, becauſe the value of the whole | 
ne jon is the ſame on alle ſuppoſition,  _ 


Ex. 
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Ex. If the roots of the equation 2 gr 0 | 
| be poſlible, two of them are poſitive and the third 
is negative; for there are two changes of ſigns in the 
| equation x uro, and one continuation of 
the ſame fign. ; 


310. 77 all the roots of an equation be poſtti tive, or all 
negative, and it's terms be multiplied by the terms of any 


F erithmetical progreſſion, the reſulting equation will be a 
T- limiting equation to the former. 5 


Let the roots of the equation x" — 9 4 

Kc. So, taken in order, be a, b, c, &c. and when 

they are ſubſtituted for x in the quantity 2 11. 
pra &c. let the reſults be + L, «AC + N, — 
&c. (Art. 304); then, when they are ſubſtituted in 


B x =- . p + &c. the reſults will be 
+BaL, - BM, +BeN, &c. but when the fame 
quantities are ſubſtituted for x in x p 4 *! 
&c. or in A — Apr Ag = &c. the reſults are 
nothing; ; therefore when they are ſubſtituted in the 


fum of Ar — Apa +, Aqui — Kc. and Bæ & 5 


1 ** 1 1 I. r 2.9 — &c. Or in AFnB 
w—A+n- I. B. px A- 2. B. 2 — &c. the 


reſults are + Ba L, - BbM, +BcN, — &c. there- 


| fore, (Art. 296), a, b, c, &c. are limits of the roots 
: of the equation AAB 4 r 1. B. p + 


4＋ 2. B. 4 = &c. o, which is deduced from 
the former by multiplying it s terms by the terms of 


A the arithmetical progreſſion, ATB, A 11-1 A * 
A4＋ .= 2. B, &c. 


8 
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| Converſely, the roots of this latter nen are 
limits to the roots of the former. 


If B be negative, or the ſeries an ee eee 5 


reſults will be = Ba L, +BbM, BN, + &c. there- 
fore A „ 66 &c. are limits to the roots of the equa- 
tion, A— 1B. — 7 1 — 1. Bai 4 1 2. B. x 
= &C. o, as before; only a ben be leſs than it's 
greateſt root. 5 ee 


3 11. If an equation have both po tive. and negative 
roots, and it's terms be multiplied by the terms of an 
arithmetical progreſſion, an equation ariſes, whoſe roots 
are limits to the roots of the former, with this excep- 
tion, that either two of it's roots, or none, lie between 
the poſitive and negative roots of the original equa- 


ton, according as 4 OE” or e progreſſion 
uſed. . 


Let the roots of the 3 ** PN 9 * 
Kc. o, taken in order, be a, — b, c, &c. When 
theſe values are ſubſtituted for x in 12? —#1—T Tad 
— 582 2. 2 i &Cc. the reſults are, +L, — M, +N, 
— &c. (Art. 304), therefore when they are ſubſtituted 


in Bæ x AN =. p = = 2.983 &c. or in 
IT AB. A＋T A= 1. B. p A＋ = 2. B. 2 - 
&c. the reſults are +BaL, T BOM. BNA &c. 
Nou the roots of the equation TTR A+n—1 1. B. 
pri- &c. o are of the ſame form with the roots 
of the original equation, becauſe there is the ſame 
number of changes of figns in both; let theſe roots, 
taken in order, be &, =, = y, &c. and ſince both 
a, and = 6, when lubSituted 1 in the limit, give poſitive 
| reſults, 


hr * n r w 7 Ang —- 22 = 2 — — * & - Kot) ic nes ra oh pen A — _qe > — 2 . ——— — nn — — — — — — — (9 en PI en AY — — — nan — ade 
x Ne ers Ae a — do nnrnns 5 he» —— — part hc eo or areas" <-> 5, — oY 43 repo —— — ts * 9 it t > - — — 
. 
1 - 
[ P 5 


. . r Toa rg I CIRRUS a nn nn 5 > - 
_ 
, : > 


156 Tiurrs or TAE 


reſults, either two roots a, and * or mone, lie 
between them (Art. 297); and - b, a negative quan- 
tity, cannot be greater than a, a poſitive one; there- 
fore the order of the magnitudes: is a, a, 8B, — 6, 
7, c, &c. that is, when the terms of the equation 
are multiplied by the terms of the de decreaſing aritbme- 


tical progreſſion, ATB, A+n=1.B, Abn=2.B, 
| &c. two roots, a, and 3, of the limiting equation, 


lie between the poſitive and hegaove roots, 4 0” by 


of the original equation. 


When Bis negative, and i Bleſs than A, or the ſeri 


an 3 one, it may be proved, as before, that when 


—b, — c, &c. are ſubſtituted for x, in 4 {—1B. . — 
ayes Bp w eee ax — &c. the re- 


ſults are — BAL, BM. + BcN, — &c. therefore 


a is leſs than a, and either two roots — 8, = y, or none, 
lie between @ and - &; there cannot be two, becauſe | 


then —b, and — c, are both leſs than — y, and when 


ſubſtituted for x, muſt give reſults affected with the 


fame fign ; but the reſults are — -BbM, and +BcN, 


therefore the order of the roots is a, a, — b, , , 
7, — &c. that is, no root of the Fits equation 
lies between a, and —b. If A be leſs than »B, the firſt 
term of the limiting equation is negative, and the ſigns 
of all the terms being changed, to reduce the equa- 


tion to a proper form (Art. 2 59). the ſeries e 


a decreaſing one. 


312. In the preceding W the limiting 


equation is ſuppoſed to contain as many roots as the ori- 


ginal equation; but if the arithmetical progreſſion begin 
from nothing! it may be proved in the ſame manner, 
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that yo root of the limit, thus deduced, lies be- 
tween the poſitive and RR roots of the en 
equation. 


313. Ex. Let the YT equation be 2 qu+r 
| =o. The roots of the equation g3x*—q= =0, are 
limits which lie between it's roots. (Art. 304) 
Let the terms of the equation be multiplied by 
the ſeries, 3, 2, 1, o, and the TY Gig 1s 


3 — * o, e roots are ne p =Y 5 'F two 


of which, 0 and — A 7, lie between the 11 
tive and poghtive roots of ah; propoſed equation. 
(Art. 311). 

Let the terms be multiplied by the ſeries * , 
— 2, — 3, the limiting E es thus obtained is 
29 — 31 30, whoſe root 1 lies between the poſitive 


roots of the equation * — gx+r=0. (Art. 312). 
| 314. To find between which of the roots of « a propoſed 


equation, any given number lies. 


Let the roots, of the propoſed equation: be. dimi- 
niſhed by the given number, and the number of 
negative roots, in the transformed equation, will ſhew 
it's place among the roots of the original equation. 


Ex. To find between which of the roots of the 
equation . +23x—15=0, the number 2 lies. 


& ' 


Aſſume 
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NG x=y+2, then, WY 

Tr a a 1 84 bY 

4232 mat +233 +46 | Ip 
21 1 a0 SCE 


or y - 355 —＋ ; o, which has one nownive root * 
and the roots of the propoſed equation are all poſi- 
tive; therefore two of them are a, and one is 
leſs, chan * 


"7 $19. general, the laſt term, and the coefficients 
of the other terms of the transformed equation are 
found by ſubſtituting the number, by which the roots 
are to be diminiſhed, for x, in the quantities, 
* — N 1 &c. | 
. 11 = * &c. 


A. 2 1 1. e Ke. 
Kc. | | 


vid. Art. 29. And by ſubſtituting, ſucceſſively, d as 
| ferent numbers for x, the limits of the roots of the 
propoſed equation may be found. 1 


Ex. Let the propoſed e be 2 5 8 


NEO . 


values of x | i 2 3 4 


* 2 5 ＋ 10K 3 ʃ[L1 [3 + 5 
4x - 6* 10 Dat: ee [+34 
'6x*— 6x 5. e +31] : 
4x On EET = +2 |+6 |+10 


) 


(( —)U w coat +1 [+7 [+ I 


From 
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F rom the changes of ſigns i in the propoſed equation, 
it appears, that it has one negative and three poſi- 
tive roots; when theſe roots are diminiſhed by 1, they 
become two poſitive and two negative; when dimi- 
niſhed by 2, they become one poſitive and three ne- 
gative; and when. diminiſhed by 3, they all become 
negative; therefore one root of the propoſed equation 
lies between o and 1, one between 1 and 2, and the 
third between 2 and z. 


By changing the ſigns of the roots, and proceeding 


in the ſame way, we may find, that the — root 5 155 


lies between — 2 and — 3. 


ON THE DEPRESSION AND SOLUTION 
1 EQUATIONS. 


316. If an equation contain equal roots, theſe may be 
found, and the equation reduced as many dimenfions lower 
as there are equal roots. 


Let the roots of the equation x" — - part 1＋ 4. 
xc. = 0, be a, b, 6 d, &c. "ew, (Art. 304) | 


„ Js Za. 
1 11 Xx: * +X—ax=bx-d. &c. 


1—2. n & c. ＋X 4. c. = d. &c. 
| TKz. c. d. &c. 
Suppoſe a=b, then + gy ol 


ux*” 1 


2 


rr 


—— 9 TR — — * e — —— 


— 


x i — RI — —— = — . — — ey — 
— — 2 —— eee 3 7 — — — r nn Ween nog ret — > — — Mon ä > 1 — 
5 : INES == 3 — 2 — — — ner — —— ode: 1 t bl = - — — RR — — — —  - Een ELD 2 —— 
— + ; .. : 8 ...... EE SS IEEE. 
PI I r D tk * 2 FL INE „„ 5 MN Ee nn — — —.———— 2 > _ - — — n 9 ne ern — — 
8 oy L 52 — —  — R : — . — — 
— ere a ae gs 9 Bn n 2 — " — — — — : — 
— s : 


—_— 24 kX 1 2 
3. 5X Y 2 As 
— — — x = Ss 
—— . ⁵ WOOncgs — ů —— rr 
—— . 
A. l — 


—— 


2 — 
—ͤ—U— — 2 Üwr0 j — ͤ —nñᷓ— 2 — rap 


— 


—— — 


3 


mZ—ü— — En — ——— — 


— — — 


_ —— — 
— ———— . . ͤà—— ont apnoea —— 


—ä— 


mu 
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N FELT den | 
TI +x=8. x—a. * A. &c. 
＋ =. . A. &c. 
1 ＋ 74. * . -d. &c. 
Wo FS 'o which is diviſble by * 4 without re- 


. mainder, that is, a is a root of the equation ae 


5 — -& 
. r 2.45 — 5 0.14.0: 


I three roots 4, 5, c, be equal, x a. A will be 
found in every product, therefore. the equation is divi- 


fible by x — 4.X — @ without remainder, or two of it's 
roots are a, 4. (Art. 264). 


In the ſame manner, if the original equation bave 


m 1 equal roots, the equation na" — 1 — 1 Pa +1=2 
4 &c.=0, has m—1 of thoſe roots. 


317. Hence it appears, that when there are m canal | 
Toots, the two equations have a common meaſure of 
the ſorm * ae, which may be obtained in the 
uſual way (Art. 90), and m roots of the original 
9 my thus be known. Divide this equation 
by x— 4”, and the reſulting equation, of »— di- 
menſions, contains the other roots. 


Ex. Let the equation x* px 1 05 have | 
two equal roots; then 3x — 2px+q=0 has one of 
them; and the two equations have a common mea- 


ſure which is a ſimple equation; alſo the quantities 


3* — 30% +39*—>3r and 3 — 2px+9, have the 
fame common meaſure, which is thus found, 
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go On 30% ste- 87 | 


* a2 pr + q* 


| — px” 729 37 


hence, oe 929 91 is a diviſor of the equation 


* pe- - 1203 that . 92 ET A o, 
and n= = (Art. 264). 

Thus two _ of the equation are raid: and 
fince p is the ſum of all the roots, the third root is 
the difference between ? and the ſum of the two 
equal roots. 
Let the propoſed equation be A * I 
=. 

Here p=4, 9=5> r=2; and one of the equal 


roots is POETS T% and the third root is 2 — 2 = 


6p— 
4—2=2, 
But it muſt be obſerved, that though 1 


6q-2# 
ſhould be found, upon trial, to be a root of the pro- 
poſed oe this equation has not two equal roots, 


_ unleſs & 27 — =2 3 be a root of this depreſſed equation 


go = 2px+9g= o. 5 8 
Vor. I. L | 318. If 


* 
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| "Hove If the roots of the equation x — x. +gx—7 


=o, be in arirhmetical progreſſion, e is one of 
them. | | IDES, 
Let the roots be 45, a, . chen PpS3a, 4 
34 h, and r=a®—at*; hence, gr - pg= 64 =, 
* wo 3 2, . r. gr —pq _ —6atf 
and 62 * — 68*; therefore, 8 65 


24. 


3 9. 7 0 roots of an equation be of the Tm +a, 
La, differing only in their ſigus, they may be found, and 


le equation depreſſed. 


Change the ſigns of the roots, and the reſulting. 
equation has two roots +a, — a; thus we have two 
equations with a common meaſure, x* — , which may 


be found, and the equation e as in the * 
ceding caſe. 


Ex. Required the roots of the oquiticn x*+ 325 — 
7 * 27K 18 , two of which are of the form + a, 
— a. By changing the ſigns of the alternate terms we ob- 
tain the equation x*— gx* — 7x* + 29x — 18 =o, which 
has two roots of the form +a, = a; and the common 
quadratic diviſor, of the two equations, is & 9g =o, 
hence x= = 3. To obtain the other roots, divide x* + 
3 — 14 —27x— Ii8=0, by x*— 9 =o, and the roots 
of the reſulting equation x 85 31 ＋2 , are che roots 
| ſought, 


320. By this method, when the coefficients are ratio- 


nal, ſurd roots of the form * Vn may be dilcoveved: | 
FIN Art. 275). 


100 When 
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321. When there are two other roots of the ſame 
form, the equations will have a common diviſor x* - 
| 2x*+R=0, which contains the four roots, a, — a, 
5 SINE ers 
If the roots of an equation have any other given 
relation, they may be found in a ſimilar manner 
(Vid. Waring's Alg. Cap. 3.); but as particular 
relations of the roots to each other are rarely known, 
it ſeems unneceſſary to proſecute the ſubject ther, 
in this place. | 


SOLUTION OF RECURRING EQUATIONS. 


322. The roots à recurring equation, of an even 
number of dimenſions, exceeding a quadratic, may be 
| found by the ſolution 7 an equation 7 half the number 
. dimenfions. 


Let n —px+1=0; it's roots are 


of the form a, =, b, 3. Kc. (Art. 289); or it may ,t 


conceived to be made up of quadratic factors, x 2. 


| 12 1 8 , = 1 | I 
* 5. 1 ; &C. i. e. if m=a+=,#4=6+7, &c. 


of the quadratic factors, x* = mx I; x*— nx +1; &c. 
Then by multiplying theſe together, and equating the 
coefficients with thoſe of the propoſed equation, the 
| values of n, u, &c. may be Fe: Moreover, ſince 


the values of a & are a, =, 5 Þ &c. and the values of a 


L 2 m are 
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* 


mM are a+>; 5753 &c. there are only half as many 
values of as there are of x; and therefore the equa- 
tion for determining the value of , will riſe only to 
half as many dimenſions as & riſes to in the original 
eee. 4 


323. If the recurring equation be of an odd er 
of dimenſions, +1 or — 1 18 a root (Art 292); and 


the equation may therefore be reduced to one of the 


lame kind, of an even number of dimenſions, by 
diviſion. 3 

Ex. 1. Let oe 120. Unity is one root of this 
equation, and by dividing * 1 by x — 1, the equa- 


tion x ＋ N I o is obtained, which contains the other 


SS. | 


or x= . 3 that is, 4 three roots of the 


equation & 1 =0, or the three cube roots of 1, are 1, 


— = + 23 ons 3, an — A any X54 . 
2 
In the ſame manner, 12 roots of f the equation + 


1=0 are found to be- 1, i, and DT +. 


Ts? alic follows from Art. an. 
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Ex. 2. Let PI 1=0, Two roots of this equation 
5 . ** — 1 | | 
are +1, —1; and by diviſion © * x*+1=0, an 


equation which contains the other ti two roots, + - 15 
and — 31 — I. 


. Let 80 Aſſume r 
* —nx+1 1 1 I; that is, x* — m +1. ** L T2. x. 

mn. TI X T1, and by equating the coefficients, | 
m+1=0, and n = o; hence #= m, and - n 

+2=0, or m*=2, and m==\/2. Therefore the 

two quadratics which contain the roots of the biqua- 
: dratic, are x TV. x TI =0O, and x* — v2 & +I =0z 

from the ſolution of which it appears that the roots are 

and EV DL 

| FO v2 | 

In the fame manner may the roots of the equations 

* +1 =0, OT TED be found. 


THE SOLUTION OF A CUBIC EQUATION 
Bx CARDAN'S RULE. 


— Let the equation. be reduced to the form 


r o, where 9 and r may be poſitive or 
3 


Aſſume s$=a+b, then the equation be becomes a Lb) 3 
- ro, or a 3+6þ* + gab x a+b- 7 * a+b+ 
rc; and ſince we have two unknown quantities, 4 

and b, and have made only one ſuppoſition reſpecting 
them, VIZ. that 427462 x, we are at liberty to make 
"4 another; 


166 cARDAx's RULE, 
another; ; let 305 — q=0, then the equation becomes 


4 = o; alſo, ſince gab — q=0, 35 and by 
ſubſtitution, +1 +r=0, or 4 Auge, an 


equation of a a form; and by 3 the 
2 


ſquar 3 ===, + and U — — 
q © dra + C 27 1 +5 


therefore x = A 5 5 2 8 


5 2 
T 
* "a ay 3 
We may obſerve, that when the fign of * — 15 


in one part of the menen! is poſitive, it 1s — | 
in the other, that i is & gh . tv 1 3 
vV -; . a 5 


85 5- Since 11 = the value of x is alſo 


— 


—— * 
5 8 


8 
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| Ex, 22 


1 6* — 2 O3 here ? = —6, 1 = =—20, | 


ie + Vie=wies- = 2. 2.732 — 732 


| 222. 


326. Cor-1. Having at + one lee of x, the 


equation may be depreſſed to a quadratic, and we 
other roots found. (Art. 263). 


327. Cor. 2. The poſſible values of a and 5 being 
diſcovered, the other roots are known without the 
| ſolution of a quadratic. | 


The values of the cube roots of a are a, 


"Hob 4 1 — | 
— 555 * —3 a; and the values of 


the cube root of l, are, — 2 35 i, 


(Art. 323). Hence it Hel that there are nine 

values of a-þ6, three only of which can anſwer the 
conditions of the equation, the others having been 
introduced by involution. Theſe values a=, 


1 a+b | 
= + =ELD Is, 
, 


3. 45 
— n e 3 a 
| 2 


+6 


4 


Vid. Art. 382. 
"ka 


e CARDAN'S RULE. 


1 

. 

7. 5 

8. EE 4s 
2 | 2 

9. LY ap 2. 


11 the operation, we aſſume 3ab= = 0, that i is, the 


product of the correſponding values of 4 and 5 is 
| b to be . This conſideration excludes 


the 2% 34. 4%, 5. 7m. and g. values of a+3, or & 


therefore hs three Toots of the equation are a+6, 


EIS, a+< ES . and DS 2 


a + 


3, 


2 


"ons; Con z. This ſalption only extends t to * 
caſes 1 in which the cubic has two impoſſible roots. | 


For if the roots be 14 V/ 3n, m— V3n u, and- — 2 m, 


then - 4 (the ſum of the products of every two with 
their ſigns changed) = —3n*— 3, and 2 =m +1, 


alſo, r (the product of all the roots with their figns 
changed) =2m*— 6mn, and = m*— zun; and by 
involution, : 
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2 


* 2 m — — 6mtn + pm 
3 | 
| 275 11 + an + 3 + 
Hence,” — = gm bm 15 = 
4 af 


—1x gn One, and — 85 Nr =, 


a quantity manifeſtly :mpoſtible, — 1 is negative, 
that is, unleſs two roots of the propoſed cubic are 
| impoſſible. | ; 


SOLUTION OF A BIQUADRATIC BY 
| DES CARTES's METHOD. 


329. Any biquadratic may bo reduced to the form 

* + * +rx+$=0, by taking away the ſecond term 
(Art. 280). Suppoſe this to be made up of the two 
 quadratics, x* +ex = o, and x* — ex +g = So, where 
Te and —e are made the coefficients of the ſecond 

terms, becauſe the ſecond term of the biquadratic is 
wanting, that is, the ſum of it's roots is o. By mult multi- 
| plying tbeſ theſe quadratics together, we have * ＋ o+f—e . 
x*+eg —ef. x+fg=0, which equation is made to 
_ coincide with the former, by equating their coeffi- 
cients, or making 8&+f eg, eg Fr, and fg=s; 


hence, g+f=q+e, alſo gf and by taking the 
ſum and difference of theſe equations, ag= =q+&+ 
＋ 


eg 
2 95 


_ SOLU TION. OF A BTI ADRA TTS. 
5 | 
8. and e- —_ 3 therefore Fare 


==4 475 and multiplying, by 8 and arranging the 


terms terms according to the. dimenſions of e, e 274 | 
2 9 2—. Xe = o; or, making y= e, y +2990 + 
7 —45 9 Ho. . 

By the ſolution of this cubic, a value of 95 ad there. 
- fore of 5 5. or e, is obtained; LR F and g. which are 
q+e 7 4+ "ug 


reſpeRtively equal bo - es 7 3 are 
. 


known; the biquadratic is thus reſolved into two 
quadratics, whoſe roots may be found. 


It may be obſerved, that which ever value of y is 
uſed, the ſame values of * are obtained. 


330. This ſolution can only be applied to thoſe | 
caſes, in which two roots of the biquadratic are poſſi- 
ble and two impoſſible. 

Let the roots be a, b, c, N then ſince 65 
the coefficient of the ſecond term of one of the re- 
- ducing quadratics, is the ſum of two roots, it's different 

values are a+b, ac, b+c, — a+b, Je, —b+c 
and the values of , or y, are 4 T h, 2 Te, Sen; 
all of which being poſſible, the cubic cannot be ſolved 
by any direct method. Suppoſe the roots of the bi- 


quadratic tobea+by/ =, 42 „A, A C — I, 
—a=oy/ —1 1; the values of e are 29, „r, 


b—c. i, I, V, e Lk] 1 and — 4 
ans the three values of y are, 20% —- e, , 


5 | 5 "ws 
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which are all poſſible, as in the preceding caſe. But 
if the roots of the biquadratic be 2757 1 T, 32 
bY i, ae, rs the values of y are 247, 
e 5 e=by/'= —1', two of which are impoſ- 
ſible; cherefore the cubic may be ſolved by Cardan's 
rate; 


| Ds. WARING's SOLUTION. 


3 31. Let the propoſed biquadratic be 2 
gu*+rx+5; now * p + D* + 2px ++ 20. 


= + 2pnx+1i, if therefore p*+2n.x*+2pnx+#* be 
added to both ſides of the propoſed biquadratic, 


7 the firſt part is a complete ſquare, * * pr, and 


the latter part, pf +2u+9Xax* +2 +7 K. +5, 
is a complete ſquare, if 4 5 *+21+qX +5 ＋ 
2 pu NN (Art. 127), that is, multiplying and arrang- 
ing the terms according to the dimenſions of u, if 84? 
TA SAT EA A- =0. From this 
equation, let a value of ꝝ be obtained and ſubſtituted in 
the equation DN TFN =þ? Tau. * 2) Tr. x 
+# +5; then extracting the ſquare root on both ſides, 


1 pr = π TAT V+: +5, when 2pu-+r | 


'  ispoſitive; or x- pr = * Vp Tzu x= V., 


when 2p r in negative; and from theſe two qua- 
dratics, the four roots of the given bquackate may be 
determined. 


Ex. 


values of are all poſſible; in neither caſe therefore 


172 bs. WARING'S SOLUTION. 


Ex. Let * 6x%+ PAS 10=0 be the pro- - 
py IS: 


* 


ga" rg So, we have n 3. 7 = os 


r=—2, $=10; and 8*+4qu*+85—4rpxn+44s 


+4Þ5-r*=0, is 88 — 200 + 5656 So, or 2.43 
— 5#* + 14% + 39=0, one of whoſe roots is — 2 ; 


„b / oi at eng. 
hence x* — 3 x : e and x* 3 LS 


ATIs or x —4x—5=0, and * ar- Lz o; the 


roots of theſe quadratics, 1, 5, 14 =T, 1 


Vn, are the roots of the propoſed biquadratic. 


332. This ſolution can only be applied to thoſe 


caſes in which two roots of the biquadratic are an, 
and two impoſſible. | 


Let the roots be a, B, c, 4, then #— V1 +5 rae the laſt 
term of one of the quadratics to which the equation is 
reduced, is the product of two of them, as a6; there- 
fore n= ab Vn Is, and ſquaring both ſides, 2 
2 ua 4 a H n 5, or —2nab + a*b*=$5= — abcd 


(Art. 267), and dividing both ſides by — 4b, 21 — ab 


_; 


cd, or an = ab + cd, and n = ; the other 


ac+bd \ 1 


and * ; PR, when 


4 


values 1 Nl are 


4, B, c, d, are poſſible, the „ of u are poſſible. 
Alſo, when theſe quantities are all impoſſible, the 


Can 
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can the value of » be obtained by Cardan's rule; but 
if two roots of the biquadratic be poflible and two 
roots impoſſible, two values of » will be impoſſible, 


and the cubic may be ſolved, and conſeqently the 
roots of the propoſed equation may be found. 


IIR METHOD OF DIVISORS. 


333. Since the laft term of an equation is the product 
of all the roots with their ſigns changed, if any root be 


à whole number it may be found * the diviſors of 
:" mt 2 term. 


Ex. Suppoſe ** A4 — 6x +12 = o; the e of 
the laſt term are 1, —1, 2, 2, 3, 374, — 46 -&, --* 
12, — 12, and by ſubſtituting theſe haceefhirely for x, 

we find that —2 is a root of the equation. 


334. When the laſt term admits of many a 
the number of trials may be leſſened by finding the 
limits between which the roots of the equation lie; or 
by increaſing, or diminiſhing, the roots of the equa- 


tion, and thus leſſening the number of diviſors of che 
Ie 


335. The number of trials may alſo be leſſened by ſub- 
f tituting three or more terms of the arithmetical pro- 
greſſiou 1, o, — 1, c. for the unknown quantity, and 
forming the diviſors of the reſults, taken in order, into 
_ arithmetical progreſſions, in which the common difference 
is unity; as it will only be neceſſary to try thoſe diviſors 
of the laſt term of the eq uation which « are terms in theſe 
Porn: 
| Let 


— — — — * P nn - 
r ee EE ..... rs .. —— < ioS eigen 22 ts 

' — 3 us Rs 2 — 2 7 c — 5 
2 ee 3 — T ü atom coords — FI — - = — 


64 
. 
1 
Ny 
1 
5 
1 
, 
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Let * +a. 2 o be the equation, one factor of which 


is x+4, and 9 the product of the reſt; if 1, o, — 1, 


be ſucceſſively ſubſtituted for x, the reſults are reſpec- 


| tively diviſible by a+1, a, and a—1; therefore 


amongſt the diviſors of the reſults, formed into arith- 
metical progreſſions in which the common difference 
is unity, is found the decreaſing progreſſion a+ 1, a, 


4-1; and if all the terms correſponding to a, with 


their ſigns changed, be ſubſtituted in the equation for 


x, the integral values of x will be diſcovered. 


Ex. Let the propoſed * be * — 4* — 6x+1 12 


9. 
| Supp. [Refults. Diriſors. : Progr. | 
jx= of 12 1, 2, 3, 4, 6, 12 | 2 
| 1 13 1, 13 1 
N 2 * * n Mes 709% 4:9 — EINE Þ 


The only decreaſing progreflion that can be formed 


out of the diviſors is 3, 2, 1, therefore if one root of 
the equation be a whole number, —2 is that root; 


and on trial it is found to ſucceed. ut 
336. If the higheſt power of the unknown quan- 


tity be affected with a coefficient, let A * 9 =0 


be the equation, and ſubſtitute 1, o, , ſucceſ- 
fively for x, then am, a, and a—m are diviſors of 
the reſults, if the equation have a factor of the form 


4 
mx a, or a root 8 Alſo n, the common differ- 


| ence, in the arithmetical progreſſion a+m, a, 4 m, 
is a a diviſor of the coefficient of the firſt term of the 
equation. 
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equation. In this caſe therefore, all the decreaſing 

progreſſions muſt be taken out of the diviſors of the 
reſulting quantities, in which the common difference is 
unity, or ſome diviſor of the coefficient of the higheſt 
term of the equation, and amongſt them is the pro- 
greſſion a m, a, a- m; therefore by making trial, 
ſuccefſively, of the terms correſponding to 4 in the 
progreſſions thus obtained, the factor mx +0, which 

| divides the equation without remainder, will be found. 
Ex. To find a diviſor of the equation 8x* — 26x* + 
1IX IO o, if it admit one of the form mae, 


| Sup. Reſ. 7 Dvviſor. | ol Fe 
r 11 31, 3. — 1, 8 | z r 
l ol 10/1, 2, 55 1 15 — 2, = 6, — 10 1, 2, — 3 3 

38, 5, 7 355 3 1 RIGS 


The Jeczeating n in dien the common 
difference is a diviſor of 8, formed out of the diviſors, 
are 3, 1, — 1; 3, 2, 1; and — 3, — 5, — 7; therefore 
the factors to be tried are 2x ＋ 1, x+2, and 2K — 5, 
the laſt of which ſucceeds, and conſequently 2 


=o (Art. 264), or g. 


"2 37. If an equation be of four or more dimenſions, 
though it admits no diviſor of the form mx +a, it 
may admit one of the form m/) AX. 


To find when this is the caſe, let =7zx* +nx +r 
Xx o be the equation; and for x ſubſtitute ſucceſ- 


fively, p+e, Pp, þ— e, &c. | e, &c. then =m m. Pelz pe Tr, 
| f 8 pe Taper, &c. are divi- 
| {ors 
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fors of the reſulting quantities; and if they be reſpec- 
tively ſubtracted from, or added to, n. pd, m. N, 
m. p Y, &c. the remainders, or ſums; are n.p+e+r, 
1p r, n.þ—e+r, &c. which form a decreaſing arith- 
metical progreſſion whoſe common difference is ze. 
When po, and e=1, this progreſſion becomes ne, 
r, —#+r &c. and in all caſes m2 is a diviſor of the 
firſt term of the equation. Let therefore 1, o, — 1, 
— 2, &c. be ſubſtituted for x in the propoſed equa- 
tion, and let the differences and ſums of the diviſors 
of the reſults, and m, o, m, 4m, &c. be taken; then if 
all the arithmetical progreſſions poſſible be formed out 
of theſe quantities, in order, amongſt them will be 
found the progreſſion »+r, r, — ur, &c. therefore, 
by trial, the diviſor mx*+1x +7 will be diſcovered, if 
the equation admit of a quadratic diviſor whoſe coeffi. 
cients are whole numbers. 

Let the propoſed equation be 3 A3 —2* 
| +2=0: 5 


— 


Supp. 


1 

— 

Lon! 

32 

-Y — — — — — . — — | 0 2 nnn , 7 
= Sup. Reſ. Diviſors. | Sq. Sums and Differences. _ | Progreſs. | 
> | 3 : : 

a TS Ms Baa T 3 
Br = 1| 40 fi, 2, 5, 10 3 +, — K. 2, 4, By: 8, 13 — 2, 1 
= © 2+ | 0], —1, Þ 2 3 
8 * 1 6 1, 2, 3, 6, 3 |< 3» O, I, 2, 4, 5, 6, 9 , 72 
= & =—2 34 I, 2, 17 34 | 12 1 3. 10, II, 13, Wet 29, 46 IO, — 5 | 
5555 3 1 } = 1 — — — 
2 | | 


From the firſt progreſſion, #= 4, 123 from the 
other, »=2, and r==—1 therefore, ſince m may 


we, 


t 


tive or nega 


either be poſi 


the diviſors to be tried 
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arez3x*—4x+2, and 3% ＋ 2K 13 of which, - 3 
 +2x— 1, or gx*—2x+1 ſucceeds; conſequently, the 
roots of the equation 3x. 2 ＋ 1 o, are two roots 
of the Propoſed biquadratic. : 


THE METHOD OF APPROXIMATION. 
3 38 The moſt uſeful and general method of dif 


covering the poſſible: roots of numeral equations, is 
approximation. Find by trial (Art. 315), two num- 
bers, which ſubſtituted for the unknown quantity give, 


one a poſitive, and the other a negative reſult ; and 


an odd number of roots lies between theſe two quan- 
 tities, that is one poſſible root, at leaſt, lies between 


them; then by increaſing one of the limits, and 
diminiſhing the other, an approximation may be made 


to the root; ſubſtitute this approximate value, in- 


creaſed or diminiſhed by v, for the unknown quantity 


in the equation, neglect all the powers of v above the 
firſt, as being ſmall when compared with the other 


terms, and a ſimple equation is obtained for deter- 


mining v nearly; thus a nearer approximation is made 


to the root, 'and by repeating the operation, the ap- 
proximation may be made to any required degree of 
exactneſs. 


Ex. Lit the os at the equation — —33+1=0be 


required. 


"When 1 is Gubllicitel for x the deſule ; is — I, and 


hen 2 is ſubſtituted, the reſult is +3, therefore one 
poſſible root lies between 1 and 2; try 1. 5, and the 
reſult is . 123, or the root hes between 1. 5 and 2. 


Let 
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Let 3 5+v=y, then 

NM = 3 37546 15944: 5 . C oh 
+ n „ | 
thats, =.125+3.75v+4.5v 4 cit al 3 
ing the two laſt terms, —128T3. 75v=0, or v= 
7755 033 nearly, and y=1,5+vV=1.533 nearly. 
Again, ſuppoſe 1.533+v=z; by proceeding as before 
we find .003686437 Þ+ 4. O50 267 v = oO, and V= 
— 003086437 _ _ 
| „ .000910t &ec. hence, y=1. 532089 
nearly. The other roots may be found by the ſolution 

of a quadratic (Art. 24 0 | 


339. The accuracy of the approximation does not de- 
pend upon the ratio which the quantity aſſumed bears 10 


the root, but upon it's being + nearer to one root non to 
any other. 


Let the roots of the equation * — Er- xc. 
So, be a+m, 4 u, ar, &c. of which a+m is the 
leaſt; aſſume a+v=x, and let P- Lu RY" r 
| &c. =0, be the transformed "equating, whoſe roots are 


m, u, r, &c. then N +- = + Ke. (Art. 269), 


n 


L — ; In the proce we aſſume Pp 
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- 


is much 


tion that mn 1s much leſs than 4 Or r, &c. = 


greater than +> + &c. and 5 = nearly; but ir m = 


bear a finite ratio to # or r, the approximation will be 
lefs accurate, and che leſs theſe E or 1 r, & c. 


are, the greater error is made in ſuppoſing. 357 15 &c. 


to 3 when compared with 5 i 


340. When m and are nearly equal to each other, 
and much leſs than 7, s, &c. and alſo both poſitive or 
9 x 


1 both — then 5 = * 3 75 nearly, 
2 ＋ 1732 . 

8 which i is an approximation N m the leſs of the two; 

but if one 2 Non quantities be poſitive and the other 


negative, = FO. - may be either Poſitive or . negative, 
and greater, equal to, or les than f +5 + &c. and 


conſequently Sis is not neceſlarily an approximation to 


any of the quantities m, #, r, 5, &c. 

Let P R =0; the roots of this equation 
will be m and #, nearly. For if m, u, r, Fs, be the 
roots of the equation P Q t R- SU & c. o, 
PS nurs, nnsgnmur mrs urs, R=mnu+mr+ 
ant E ur +1u5+r5, and ſince mand zare ſmall when com- 
pared with r and s, 2=mrs+1rs nearly, and R=rs 
nearly; therefore the equation P- Q R o o be- 
comes murs Tu- =0; hence, v* u 


5 Tun 
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Tm o, whoſe roots are mand u. By the ſolution 
then of this quadratic, a much nearer approximation is 
made to the root a+m than by the former method, 


and at the ſame time an approximation is alſo made to 
the root a+. 


341. In the ſame manner, if / roots be neaely ITY . 
in order to approximate to them, it will be neceſſary 


to ſolve an equation of t dimenſions. See Dr. Waring's 
Med. Algeb. p. 186. 


342. If we have two equations, containing | two un- 
known quantities, we may diſcover the values of theſe 


; . nearly i in the ſame manner. 
| EE + — 


Ex. 
Let {9 40; J ro g find x and y. 
xy —y 20 
Find, by trial, approximate values of & and y; fuch 
are 20 and 1; and let x = 20-þv, y=1-+2; 
then x*y = = 400 + 40v+4002+v* +40v2z+v*2=405z 
and xy—y *=19+v+I82+v2— 2* = 20, 
and neglecting thoſe terms in which z or v is of more 
than one dimenſion, or in which their produ& is 
found, as being ſmall when compared with the reſt, 
400 +40vV + 400Z= 405 
 19+v+1i82=20 
40 400 == 5 
V+ IOZ=.125 | 
and v+i82z+19=20 
or v 182 = 1 
hence, 82=.875 _ 
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182 REVERSION or SERIES, 


V=,125=1I03= = pits 
therefore x = 19.03 
and y = 1. 109. 

By making uſe of the values thus obtained, nearer 

approximations may be made to x and y. 


ON THE REVERSION OF SERIES. 


343. If two quantities Ax#+Bx* + Cx® + &c. and 
ax+bx*+cx*+ &c. be always equal, the invariable 
coefficients of the correſponding terms are equal. 

For if theſe equal quantities be divided by x, we 
have A+Bx+Cx + & c. =a+bx+cx* + &c. or 


when x vaniſhes, A=a, and A and à are invari- 


able, therefore in all caſes, A=a; hence alſo, 


 Bx+Cx* + &c.=bx+cx* + &c, or dividing by x, 


B+Cx + &c. =b+cx + &c. and when x vaniſhes, 
Bb, therefore in all caſes, B b. In the fame 
manner, Cc, &c. 1 


344. Cor. If A＋ BY Cx + &c,=0 in all caſes, 


: then A=0, B= ; Og Co, &c. 


345. Approximation may be made to a root of an 
equation by aſſuming for it a ſeries, involving the 


powers of that quantity in terms of which it is ſought, 


with indeterminate coefficients ; this ſeries being ſub- 


ſtituted for the unknown quantity in the propoſed 


equation, the coefficients may be found by making 


each term equal to o, and thus the ſeries which 


expreſſes the value of the ee e may be 


determined. 


. 5 TIN Ex. 


y 
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Ex. Let y* — = 3) H o, ä the ralue of , in 
terms of x. 


Lit n rt dts, &c. then 


F= aK 35 bx* + 3x) ? &c. 
Wo PRs Ha . an ; 
390 = = gax= 368% 3er = 3 dx &c. 7 
+ x = + X 8 


and ſuppoſing each term to vaniſh (Art. 344), — 34 


+1=0, or 3 4 = 3b=0, bt =L, 34.0 3c 


= o, and c 35 xc. therefore 


* K* as Fo 
== +— 3 +55 - + &c. hd when x=1, 4 4 M 
Fan 3 35 LN pt 


* * &c. =. 347 Kc. which is one root of the equa- 


. 35 +1 O. 


If for y, the 8 ht Te Ar- + &c. had 
been aſſumed, the quantities , d, &c. would have 
been found o; therefore the even terms are unne- 
| ceſſary. 


346. Cor. The less * is affamed, the filter will 
this ſeries OVID. and the more accurately will y be 
obtained. 


347. This method of 5 is ; Gmilar to 
the former, in this reſpect, that the ſeries will have a 
ſlow degree of convergency, except one value of y is 
much leſs than any other. If this be not the cafe, find 
m, an approximate value of y, by trial, and aſſume 
miz0v=y; then when one value of v is much lets 


than any other it may be found by this reverſion, 


M4 x = wad 


7 . 
. — Kat. — 
—— 


PS — — 
| —— — —_ 
„T—T————— RI 
— wt 2" IS A — — — 
. ͤ ——. —-HT' 
Sn — ater fea I Rn Wt 
— — ER — I 
— = 
13 


then ay auen + aCGx+ Kc. 


14 REVERSION OF SERIES. | 


and conſequently that value of y which i is neareſt. 
to m, will be known. | 


In the example Art; 3 38, y being found. nearly 


1.5, aſſume v+1.5=y, and the equation is tranſ- 


formed into v*+4.5v* +3.75v—.125=0: call this | 


p = x o, and take „ate 
dx &c. then 


viz a+ = +&e:1 
＋ . pax > + 2pabs® ＋ . PF 2ac.x*+8&c. 0 
+ qv =gaxþqbx*+ 3088 Je ＋&c. | Tt 
— X= M. EM Tos . 


1 


hence, qa—1 o, and SC an os .26666 Kc. qb+ 


q 3.75 
e. 


p we, * 1 2.08533 &c. e va 


26666 x 125 . 08533 x 125 ＋&c = 0320 Res 
and y=v+1,5=1-5320 Ke. as before. 


348. The ſame method may be uſed to find y in 
terms of x, when x and y, and their powers, are com- 
bined in any manner in the equation. 


Ex. 1. Let *#=ay+by+cp + &c. - required the 
value of y in terms of x. 


Aſſume y= Ax+Bx*+ Cx*+ Kc. 


57 A + 2bABx* + &c. | 
cy | l CA*x* + &c. 


& 


therefore 44-10, or 4 ; 45 + 54 = ©, or 


12 | 


B= 
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242 


* . „ o, or C 
—2b AB A. 2b -c , x bx 

N _ I mater pant &c. hence, y=" _ ks” on 
255 — ws, 


"7 


Ex. 2. le- — &c. required the value 
of y in terms of x. 8 
Aſſume y= = Ax B C Kc. 

then y Ar Bx + Cx + &c. ) 


— ay? ——_— aA*x* — 3 aA BX — &c. 
+by* = 5 | +- bA*x* + &c. |. SO, 
ACS We... 


—X = =* _ | 3 
hence, A 1 =, or A=1; B- aA o, or B=a; 
CC 344 + 24 o, or 6.35 — 3 &c. cherefore 
y=x+ax*+ 30 — 38 —b.x* + &c. 

The method of determining the Proper ſeries to be 


aſſumed in each caſe, without previous trial, is given 
by — Alg. Pt. 2. Ch. 10. 


ON THE SUMS OF THE POWERS OF THE 
Roos of AN Arx. 


349. 1 a, pe c, &c. be the roots of the cutie | 
TING . + un &c. o, and A, 
B, C.. . ... P, L, R, S, the ſum of the roots, ſum 
of . Cale cubes, ......M—J%, M—2, M= 1, 
m, powers reſpectively; then ll Amp, B=pA= 24, 
CSB AA zr, &c. and S=pR-q2+rP..... 


I m 0; 
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m] where + 10 is the coefficient of the 5 1 
term. | 


It =o by Art. rt. 305 that 


1 1 — 1 1 I. H +1 2.93%... ＋ —m. 700 — — Kc. 


IT) ä — 8 — N * 
* — — 8 2 — 

ö gn 2 r IS 7 ' Rn ot Ian „ 5 24. 
1 8 - - —— — e - 
3 ͤ noe I oe beter I tt ems e — es: * 

E — 


— HIITICEE EIFS 
23388 
— = R 4 — — 


pe. T WK . . 
- I N | 


I 
7. Ft e Kc. whatever be the value 


&c. 
as if x be ſuppoſed greater than any of the magni- 
tudes a, b, c, &c. no quantity is loſt ; in the diviſion ; 
therefore by addition, 

2. — I pr 2. —_ . Kc. 
F Tins hy 


\ 


5 Fe 3 oy — een oo ke 
10 &. 
n I 1 1K 1 PN 2 4. . > ＋ n m. I 
1 | 


AK. 


OF THE ROOTS OF AN EQUATION. = 

A A Br. 4 814. &c. 
f = pA z.. . . pPRT i- &c. 
| T ... + qa + een 

1 TP i &c. 

&c. % 

T - + Kc. y 


and by equating the coefficients, 4 A- AupH= 11. 


and A; B - PAN ==. 2.9, or B=pA4—29, &c. 
S-pR+9q2-rP...+nw=n-m M.W, or COPE: 
+rP....—mw. 

Ex. Let * + 5* 283 va =0; then by comparing 
the terms of this with the terms of the equation æ — 
Pu"? + qa > — &c. =0, We have þ==— 5, 72 6, 

„ 8 
Hence, the ſum of the roots = = 5 od. 
Sum of the ſquares A- 29q=25+12=37=B., 
Sum of the cubes =pB — g4+gr= 5 185 — 30+24= 
2491 = &c. 


. $50, Tht propoſition a alſo admits of the following 
pn. 
The ſame notation being retained; let m and # be 
-8qual, _ ſince a, b, c, &c. are roots of the equation, 
— pa- g . +Ww=0 

CO 3 . +w=0 

* „ 22 . e- 0 


&c. 3 5 
by add. 5 — No . . T o, 
or S=pR—q2Y... .. u. 


If m be greater . 13 . the 1 equa» 
tion by , then * pw + ga, . + WA. 
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So; which equation has the roots a, ö, c, &c. and 
mn u roots each equal to o; therefore the ſum of the 

u powers of the roots of this equation is equal to the 
ſum of the #/* powers of the roots of the former ; 3 
that is, S =pR — 92+ &c. to n terms. 


When m is leſs than x: The ſum of the n powers 


of the roots may be expreſſed in terms of p, 9, 7, .. 206, 


where 20 is the coefficient of the m+1" term of the 
equation. For #* contains a*+b*+ + &c. with 


other combinations of the roots, as ab, ac, be, &c. 
which combinations are contained in a multiple of 45 
alſo p contains 4 ＋ #*+Ff+ &c. with other combi- 
nations, ſuch as 4˙, a*c, ba, &c. abc, acd, bcd, &c. 


and theſe combinations may be made up of P, q and 
r; for pXq contains the quantities 4˙, a*c, lia, &c. 


and r is the ſum of the quantities abc, acd, bed, &c. 


In the ſame manner it appears, that a&+&#+fþ &c. 
may be found in terms of p, 4, r and s; and in gene- 


_ MI þn + & + &c. may be expreſſed in terms 


of p, 9, r. . . 0. Alſo the number of combina- 
tions of any particular form, as 4b, cannot be altered 


by the introduction of the root c; conſequently the 


coefficient of the product pg, by which the com- 
binations of that form are taken away, is the ſame, 
whatever be the number of roots: Hence the ex- 
preſſion for 4” + Us + &: in the equation * 
p + 2. 7 &c. o, is the ſame 

with the expreſſion for the ſum of the M powers of 


the roots of the equation x” e A- qr”=2....+w=0; 


that is, S R N.. . 


This 


- 
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This rule was given by Sir I. Newton for the pur- 
poſe of approximating to the greateſt root of an equa- 
tion. Suppoſe the roots all poſſible, and one greater 
than the reſt, the powers of this root increaſe in a 
higher ratio than thoſe of any other, and the 2m* 
power of this root will approach nearer and nearer to 
a ratio of equality with the ſum of the 2 powers of 
the roots, as m increaſes ; therefore by extracting the 

aui root of this ſum, an approximation is made to 
the * poſitive or leaſt 3 root (Vid. Art. 


303). 


ON THE IMPOSSIBLE ROOTS OF AN 
EQUATION. =» | 


351. It has before ſen ſhewn (Art. 308), chat 
there are as many poſitive roots in an equation as it 
has changes of ſigns, and as many negative roots as 
continuations of the ſame . yu the roots are all 


poſlible. 


But this rule cannot As a to impoſſible 
roots; which appears by the demonſtration there 
given, as well as from the conſideration, that an im- 
poſſible quantity cannot be {aid to be either yolnin. 
| or negative. 


If then it appear from the terms of an equation 
| that ſome roots may, according to the above rule, 
either be called poſitive or negative, they muſt be 
impoſſible. Thus, two roots of the equation & 
gx+r =0, or & r o, are impoſſible; be- 
7 cauſe 
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cauſe it has two changes of ſigns or none, according 
as the ſecond term is ſuppoſed to be — o, or +0. 
In the ſame manner, if any term of an equation be 


wanting, and the figns of the adjacent terms be 


both poſitive or both negative, the equation has, at 
leaſt, two impoſſible roots: and if two ſucceeding 


terms be wanting, it muſt always have, at leaſt, two 
impoſſible roots. 


352. Impoſſible roots enter r equations by f pairs (Art. 


273); they alſo lie under the OA of two poſitive or 
two negative roots. | 


Let a+ — — * and 3 Fo be the roots; | 


then * S = Q HM =F N = 2ax +0* 


+# =o, the ſigns of which equation ſhew that it has 
either two poſitive or two negative roots. 


3 53. Cor. Hence, if the laſt term of an equation of 
any even number of dimenſions be negative, it will 


have at leaſt two poſſible roots, one pokes ive and the 
other negative (Art. 267). 


354. Let an equation be b into one 


whoſe roots are the ſquares of the roots of the former, 
(Art. 293), then as many negative roots as the tranſ- 


formed equation contains, ſo many impoſſible roots, 
at leaſt, are in the original equation, becauſe the 
ſquare of a poſſible quantity Is . * tive. 


355. If any ſeries of magnitudes be fubſfituted for the 
wnknown quantity in an equation, there can only be as 


many changes of ſigns in the , as the equation con- 
tains Pal ible roots. 


Let 


or Ax EQUATION. 7 191 


Let x* Zax Ta. TN c. x—4. &c. o, be an 

equation whoſe roots are + FN, a- F, e, d. 
& c. whatever magnitude 1s ſubſtituted for x, the quan- 
tity x 24 +4*+#*; which is the ſum of two ſquares 
K ah 2, is poſitive ; therefore the changes of ſigns 
can only ariſe open the ſubſtitution of quantities for x 


in the rectangle * C. d. &c. which changes are 
as many as there are poſſible roots c, a, &c. (Vid. 
Art 29 83. 


356. The limiting equation has, at leaſt, as ; many 2 b 


roots as the or! ginal equation worn one. 


Let * 2 TY c. d. &c. o Fl the | 
propoſed equation, the limiting equation is 


* Za Ta +þ Xx=—c. &c. 
+xf— 20x +0 + * d. &c. 11 
+x x. 4 = —Pxx=cx-d d. &c. 
Tx = V Y N x=c.x=d. & c. 

or by adding the two laſt terms together, it it is 
& — 24 f TNA &c. 

= 


LH 


+4 2a TA LY Xx— 74 &c. 

— 
+ 2. K a. =. d. &c. 
(Vid. Art. 304), in which if e, d, &c. be ſucceſlively 
ſubſtituted for x, the reſults are +, , &c. therefore 
there are poſſible roots in this latter equation which 
he between c, d, &c. or it contains at leaſt, as many 


poſſible roots, wanting one, as the original equation. 
It may contain more. 


"$63, Cor 1. Hence it follows, that ha are, at 
leaſt, as many impoſſible roots in the original equation 


192 ' IMPOSSIBLE ROOTS . | 
as in the equation of limits. There may be more; 
therefore from the number of impoſſible roots in the 


limiting equation, we cannot determine, exactly, the 
number in the original equation. 


358. Cor. 2. Hence alſo it appears, that if he poſſi- 
ble roots of the limiting equation be ſubſtituted ſucceſ- 
ſively in the original equation, we know from the ſigns 
of the reſults, what poſſible roots the latter contains. 
For roots of the limiting equation lie between the poſ- | 

fible roots of the propoſed equation (Art. 3 . 


Ex. Let +3 = rtr dk 0 
It's limit is n+ 8+ 3.x — 24 o, whoſe poſible 
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roots, when # is an odd number, are — ST TE X a, 


— = #i x ; which ſubſtituted in the original 
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equation give the reſults cither _— +, = „or * © 
+ ; therefore it has either four poſſible roots or none. 
When u is even, the _— roots of the limiting equa- 
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ER x a, when OI for * gives a potieve 0 


or a negative reſult. 


359. The roots of a quadratic equation are del 
ſible, if the ſquare of the middle term be leſs than 
four times che product of the extremes. 
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which expreſſion becomes impoſſible when Þ is leſs 
than 4c. | 

360. It appears from Art. 357, that tote are im- 
poſſible roots in an equation, whenever there are im- 
poſſible roots in it's limiting equation. In the ſame 
manner, if the next limit be taken, there are impoſ- 
ſible roots in the original equation, whenever there are 
impoſſible roots in this limit; and if the limit be thus 
brought down to a quadratic, when the roots of the 
quadratic are impoſſible, there are impoſſible roots in 
the or iginal equation correſponding to them. On this 
principle 1 is founded Sir I. Newton's rule for diſcover- 
ing impoſſible roots in any equation. WT 

Let the propoſed equation be = e . . + 
Dey =- EN F - &c. o. To obtain a 
limiting equation which ſhall be a quadratic, correſ- 
ponding to the terms Dx . EN + Fa", let 
the ſucceeding terms be taken away, by multiplying by 
the terms of the arithmetical - progreſſions 1, »— 1, 
„ 1. by Oz; B—=I, B— 2, ,..c af, 1, 0; Þ—2, 
1 3. . 2, 1, o; &c. and let the preceding terms 
be taken away, by multiplying by the terms of the 
progreſſions o, 1, 2, oo FEI : o, I, 2, 3 73 
&c. as follows, 975 
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rEx+r+1.rF=0o, correſponding to the three terms 


DH - Ex— + Fx; and if two roots of this 


f x NE be 


IS, 1 


quadratic be impoſſible, that 


leſs 
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leſs than 1 — l Af. I. 72 DF (Art. 359), or 


1. 


+ E* leſs than DF, there are impoſtible 


roots in the propoſed equation correſponding to them. 


8 3 1 
Write down therefore a ſeries of fractions oy 
2 


„ +1 n=r 
3 „ i 
that which een it, and place the reſults * 


. each fraction by 


. 
22 


— — — — 


LAS Ne r. v 


| + is ==, Over the ſucceedin terms 
* "ho 35 n- r+1. 111 S 


of the equation, beginning with the ſecond; alſo, 
place the ſign + under the firſt and laſt terms, and 


under every other term + or =, according as the ſquare | 


of that term multiplied by the fraction which ſtands 
over it, is greater or Jeſs than the product of the adja- 
cent dg then there will be as many impoſſible 
roots in the equation as there are changes of * ſigns 
from + to - and from to +. 


Ex. Let the propoſed equation be * — A +48 
—6 0. | 


” 


. 2 
is the ſeries of fractions 2, pb . of each term be 


r by that which BE it, we obtain 125 ; to 
be placed over the terms of the equation - 
7 4 4 
— 4x * + gx — 6=0 
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| r 
and ſince 5 or — 8 is greater than 4 X I, the ſign 


\ 


+ muſt be teh under the ſecond term; but - 


or 5 , 1s leſs than - 4 x —6, or 24, therefore the ſign 


— muſt be placed under the third term; and 4+ 


being placed under the firſt and laſt terms, there are 


two changes of ſigns ; therefore the equation Contains 


two impoſſible roots. 


' SCHOLIUM. 


361. The diſcovery of the. number of impoſſible 
roots in an equation has given great trouble to Alge- 


braiſts, and their reſearches, hitherto, have not been 
attended with any great ſucceſs. In a cubic equation 


*g o two roots are impoſſible or not, accord- 
2 53 
ing as 75 55 18 poſitive or negative (Art. 328). A 


biquadratic, x*+ gx* +ra+5=0, has two impoſible 
roots when two roots of the equation y 29 ＋ — 45. 
5 o, are impoſſible ; and all it's roots are impoſ- 
fible, when the roots of this cubic are all poſſible and 
two of them negative (Art. 3 30). 


362. Dr. Waring has given a rule for determining 
the number of impoſſible roots in an equation of five 
dimenſions, but the inveſtigation cannot properly 
be introduced in an elementary treatiſe. See Med. 
Algebraicæ, Pe 82. 


' 


363. Sir 
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363. Sir I. Newtons rule (Art. 360) is general and 
eaſily applied, but as it is deduced from the nature of 
the inferior limits, it will not always detect impoſfible 
roots (Art. 357). The proof alſo is defective, as it 
does not extend to that part of the rule which re- 
ſpects the number of impoſſible roots. Thus far how- 
ever it may be depended upon, that it never ſhews 
impoſſible roots, but when there 3 are ſome ſuch in the 
propoſed equation. | 
Many other rules, which will frequently diſcover 


the impoſſible roots in any equation, may be {een 1 in 
the Med. * C3: 


THE END OP PART II. 
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ELEMENTS OF ALGEBRA. 


PART III. 


o UNLIMITED PROBLEMS. 
364. HEN there are more unknown quan- 


F tities than independent equations, the 
number of correſponding values which thoſe quantities 


admit is indefinite (Art. 145). This number may be 


leſſened, by rejecting all the values which are not inte- 
gers; it may be farther leſſened, by rejecting all the 
negative values; and ſtill farther, by rejecting all values 
which are not ſquare, or cube numbers; & c. By re- 


ſtrictions of this kind, the number of anſwers may be 


confined within definite limits. 


36 5. Fa Ample . equation expreſs the relation of two 


Unknown quantities, and their correſponding integral values 


be required; divide the whole equation by the coefficient 
which is the 4 of the wo, and ſuppoſe that part of the 


— 8 quotient, 
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quotient, which is in a fractional form, equal to ſome 
 wwhole number; thus a new ſimple equation is obtained, 
with which we may proceed as before; let the operation 
be repeated, till the coefficient of one of the unknown 
quantities is unity, and tlie coefficient of the other a 
' whole number; then an integral value of the former 
may be obtained by ſubſtituting nothing, or any whole 
number for the other; and from the preceding equa- 


tions, integral values of the quantities e may be 
found. 


bs . | 
Let 5gx+7 y= 29; to find the correſponding 1 in- 
tegral values of x and y. 


Dividing the whole equation by 55 che leſs coeffi- 
cient, 


F 
275 
+ 3 


or X = 5 e . 


O 5 
''  Aﬀume © 75 " =, or 4 20 C65 


then 2-2 2775 


2 254 


let p = 235, then 52235 and x 4 
= 3o+55+25=3+75. | 
It So, then x = 3 and y=2, the only peſſtive whole 
numbers which anſwer the condition of the equation; 
for if =I, then = 10, and y —33 ad if == - 
then #= = 4p and y = bf 


N 4 * 2. 


„„ 


of 
$ 4 
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3 
. 
bf 
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— —ê— 

— — 

0 —T—X——— 
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whe 6 find a number Unie beg divided by z 3, 45 yu 
the remainders ae 25. 4 4» relpectively, 
Let * be the number, 


0 


. N e 0 
© chit 2 * =P, A whole Wenden e ee 
or & = 3 b, alſo from the ſecond condition, | | | 


e or 37 15 8 = "q, A whole: number, 


that is, 35 — 12 


75 1 00 
n Hts | 
5 Fit * 4.5 1 


4. 0 WI * g - 4 * hh : 
- * 


; 14. a — = 1 Pp i roi 15+ 9 * $164 48, Þ 
1 3 =, ar gz3r= Ip bas le aer 16199) 


= hen p= Ar — . and e 5 


12715 

| T7 is 
5 3 
a whole number, that is, 21 + — is a whole num- 


again, from the third condition, — RF of 


| CIs „ r 2 | 
e eee A 4, n ar 


27555 then 24 laſtly, let, N or anz 


then r= zn, and x = 127 — I Ed I; if m= I, = 
59; if m= =2, X=119; &c. | 
| 366. If the ſimple equation contain more unknown 
quantities, their correſponding integral. values may be 

found 1 in the fame 1 
| a 1 3. | 8 1155 #K 
4 4 3 74 10 gu to Grd coneſpanding in inte · 

8 gral values of x, y and v. * 

Dividing 
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Dividing the n: e by 3, the leaſt oel. 
ficient, | 


1 
948 RE e 
3. 31 
2-2-1 


ee eee 


3 
2 - 1 


Aſſume _— =p, 0 or 2 - 1235 


then x 2 35 — 1 
and y ve 2v+3þ+1-3+p= 45-2, 7 
and ſubſtituting for p and v, nothing, or any whole 
numbers, integral values of x and y are obtained: If 
v=3; and p=1, then x=2 and y=—13 if v=4, 
and p= o, then x = 7andy=—b6; —_ 1 5 


367. In other caſes, different expedients muſt be 
made uſe of, which expedients and their application 
d be learned by practice. 


n 


70 find what numbers are diviſible by 5 without 
remainders. 


Let 2, B, c, , ee. be ke Aigits, or has i. in 


the unit's, ten's, hundred's, thouſand's, &c. place of 
any number, then the number is 24 105＋. 1000 1 


TLLOF 


19899 fec, this divided by 3 18 ; 3653 + 336+ 


a+b+c+d+ Kc. 


35333453 1 Kc. or ＋ 3033. 


73334 + &c. which is a whole number when 
. Kc. 
wi. 


is a whole number; chat is, any 


number 
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number is diviſible by 3 if the ſum of it's digits 
be diviſible by 3. Thus 8 > 252, 7851, Kc. are 
diviſible by 3. 


In the ſame manner, any . is diviſible by 9, 
if the ſum of it's digits be diviſible by 9. 
For © #X192% oo 1000d+ &c. — + _ 
”7 9 9. 9: 


+ 1 5 + & ESD 2 +3+11 Ic 


| + 111d + &c. which Is a whole number when 
e 


is a whole number. Thus 684, 6 588, 
&c. are * Sviſible by 9. 


Cor. 1. Hence, if any number and the ſam of it it's 


digits be reſpectively divided by 9, "yu e remaindersare 
equal. 


(Cor. 2. From this prpeny of g ay be deduce 


the rule which is uſually given for diſcovering when 


the multiplication of two numbers is not Juſt, 
Lek ga be the multiplicand, „ 
9 th the multipler, F 5 


"then 510% 4 9 ey +xy is the produtt; 


— yn my — 


| 4 if the. ſum of the digits in the multiplicand bh 


divided by 9, the remainder is x; if the ſum of the 
digits in the multiplier be divided by 9, the remainder 
is y; and if the ſum of the digits in the product be 
divided by 9, the remainder is the ſame as when the 


form of the digits in « xy is divided by 9. unleſs the 
work is wrong. 


2. 
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Ex. 2. 
To find a perfect number, that is, one which is 
equal to the ſum of all the numbers which divide it 
without remainder. 
Suppoſe Jy" to be a perfect number ; it's diviſors 
are Ts Fo Fs oo Bap ; 
therefore Y = I T7 vt \# rA 
| * . | 


| 2 33 5 
Now I+3+y += 2 . 


and e * > = 


222); 


HH —1+y Xx 
7 
or Y- r —1+Yx=x 
11 
| hence, x — ha 5 ; and that x may be a whole 


number, let = 29" =0, or y- 2 , that | is, y=2; 
then x=2%+* 1. Alſo let z be fo aſſumed that 2+ 
r may have no diviſor but unity, which was ſup- | 
poſed in taking the diviſors of V; then , or 2 & 
21 is a perfect number. Thus, if a x, the num- 
ber is 2 X 3 or 6, which is equal to 1+2+3 the ſum 
of it's diviſors: If 22, the number is 2 * 2 
4X7=28. | £40, 


therefore Vx = 


Ex. 3. 
To find two Hunte numbers, whoſe ſum is a {quare. | 
Let x* and y* be me I two ſquares : 

Aſſume x* + y* 2 * y* =nx - 21X9y +)? 155 

c then 


1 
1 4 


n 

3 
— — — 
—— 


a — 


539 
. 
. 
1 4 
4 
* ! 
. . 
. 4 43 
1M 


Ff } Co wa Ie ey BL CET 
3068. To repreſent J in a continued fraction. 


204 CONTINUED FRACTIONS. 
then Er 2 
=1"X 29 
hence, # ” —I.x= 2ny 
215 


or x = 
* 1 


And if 7 and y be aſſumed at pleaſure, a value 5 & is 


obtained, ſuch, that x* + Y is a ſquare number. 

But if it be required to find integers of this deſcrip- 
tion, let y=#*— 1, then x2, and » being taken at 
n, integral values of x and y, and conſequently 
of x* and y⸗ „will be found. Thus, if a=2, then y=3 


and's =4," and the two quares are 9 an 16, whole 


ſum is 25. 
Ex. 8 EY 
To find two one numbers whole difference | is a 
ſquare. F 5 


Let x* and y* be the two ns; fi 
Aſſume x- —=x=1ny* =a* eee 
then ='— 2 * 
or nx E10 


— non nnrner ren 


BANE 


hence, == 
And if y=2n, chen x = "+1, Thus; if #=2, then 
J=4 and x = 56. eee e "TOP mY 


e 


ON CONTINUED FRACTIONS. | 
; 
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Let b be contained in a, þ times with r KY 

a remainder c; again, let c be contained N 
in b, q times, with a remainder 4, and 4% f 
ſo on; then we have „ &c. 


a=pb+c 


that is, Ab 25 - 755 
| 14 ——— 


369. Cor. 1. An approximation may thus be made 
to the value of a fraction whoſe numerator and deno- 
' minator are in too high terms, and the farther the 


diviſion is continued, "the nearer will the egg 
tion | be to the true value. 


0 370. os 
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the denominator, therefore p+——— is leſs than 4 
&c. 


314159 
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370. Cor. 2. This approximation is alternately leſs 
and greater than the true value. Thus þ is leſs than 


3 MSN 2 
z and p ET is greater, becauſe a part of the denomi- 


nator of the fraction is omitted; q + - 1s too great for 


94+ . 


* 


Ex. To find a fraction which ſhall be eur equal to 


——=, and! in lower terms. 
1000 


100000) 3141 5903 
2 300000 


14159{100000(7 
. SY 


887)l4159({15 
887 


5289 
4435 


854)88(1 
SY 
33 &c. 


"Here, p=3,9=7, 15, $=1, &c. therefore == 29 


00000 


5 1 8 -. The 
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T he firſt e 15 3. which is too little; 


the next is 377 too the next ES 
By 1 
r * 


= $448; ws * 135 too little; and ſo on. This fraction 


expreſſes, nearly, the circumference of a circle whoſe 


diameter is unity; therefore the circumference is 
greater than 3 diameters, leſs than 7 diameters, and 
E an == &c. 
1 n 106 dee 
371. To find the value of a continued fraction, 


when the denominators q £07 &c. recur in any cer- 
tain order. 


Ex. 1. „Let — 5 E 3 = x; then — 
ST ppm 7 = 

: | K | 

| 6K; or 17 =” &; hence, TNA TEN +9x* +, 


and x . from the ſolution of which qua- 7 


dratic the value of x may be obtained. 


— 


Ex. 2. Let 1 1 8 ZI -; by ſquar- | 
WW VEE Heer 


ing 
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ing both ſides, K 22 ——=— a; and 
- | 4 ' ; 4 5 N 1 * J | . 


x* — ax —b=0; whence the value of x may be found. | 


372. In the fame manner may the values of other 
quantities, which run on in infinitum, be found, he 
| the factors recur. | Pn. jo 


Ex. 5 To find the value of eee Kc. 


in infinitum. | | 

Let Way as as a 3 & by ſquaring both Kdes; 
aVaya kc. c. x. , that 1 is, ag=x*, or æ 4. 

Ex. £- Required the value 1 
. Fa Ke Nc. in infinitum. 

Let Vat V4 SN i =#; by aint 
both . a+ V+ ab VI &c. & „ and 
VIVA NIN c. = =x *—a; therefore 


b+Va+yb+&c. ar +8&*, or b +x = * — 
24x* + a*; hence, x* — 2ax* =#+0 — b= o; from which 
equation x may be found. N 


373: To find the . 97 a frafiion : when the nume- 
rator and denominator are evaneſcent. 


i 


Since the value of a fraction depends, not upon the 
_ abſolute, but the relative magnitude of the nume- 
rator and denominator, if in their evaneſcent ſtate 

they have a finite ratio, the value of the fraction will 

be finite. To determine this YER, ſubſtitute for 
a | | the 


* | 
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the variable quantity, it's magnitude, when the nume- 

rator and denominator vaniſh, increaſed by another 

variable quantity; then ſuppoſe this latter to decreaſe 

| Without limit, and the value of the propoſed fraction 
will be known. "2 

2 


"bk I. Required the value of © . when x x=0. 


| Let x=a+v, and the fraction . 
2. +2a0+29* — po ao: 
| 5 + A — 2avVTV = 4 and when = O, 
a+v-a 33. 5 95 


or x =4, the value is 24. 


Fir r. 
Ex. 2. Required the value of 2 — 5 
when x= 1. 
Loet x=1+v, Ra the hen becomes 
| ES +0" +1 +0 
of TR 
n — A #= —2 
: + Ke. 
3 1 5 mem ae. 
"> 7-2 | mas tt — 1 5 
1X1 +1+1.v+#+1.-v +1+ 1. 2. xr v7 + &c. 
Cab SIA og, Tr 
li” v8 + | — —v+ &c. and when YO, or 


* , the fraction becomes 2. 

374. To find the leaft common multiple of 70 quan- 
tities; or the leaſt quantity which is diu: or 2 eack of 
them without remainder. 


vol. I. | „ The 


j 
| 
6 
1 
N 
o 
? 
| 
| 
| 
' 
| 
. 


leaſt common multiple is 
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The product of the two quantities divided by their 


| greateſt common meaſure, is (they: leaſt common 


multiple. | | 
"Let a and þ be the two quantities, * ay greateſt 


common meaſure, 2 their leaſt common multiple, 
and let contain a, ? times, and b, 7 times; that 1 1s, 


let n pa 255 then © 5 = > and docs is the leaſt 


poſſible, 5 and q are the leaſt poſſible ; therefore 5 


is the 9 5 zin in it's loweſt terms, and conſequently 


Abe, m ah = Kd 
IJ x 


Ex. What i iS the leaſt common multiple of 18 and 
12? 

Their greateſt common meaſure is 6; therefore their 
2x18 


12 
36. 


— 


375. Exery other condinca multiple of 4 and bi is 


a multiple of m. 


—— 


cis; and, if poſſible, let n be contained in u, 
times, with a remainder 3, which is leſs than ; 
then 2 rm ; and fince à and þ meaſure » and rm, 
they meaſure » rm or 5 (Art. 91); that is, they have 
a common multiple leſs chan m, which is Contrary to 


Let # be any other common multiple of that rwq 


the ſuppoſition. . . 


376. To find the leaft common multiple of Mor quan- 
ſilies a. b aud c, take m tlie leaſt common multi aye of a 
and 
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4 b, and n the leaſt common multiple of m and TY ; then 
n is the leaſt common multiple ſought. 


For every common multiple of a and b is a mul- 
tiple of m (Art. 375); therefore every common multi- 
ple of a, h and c is a multiple of m and c; alſo, every 
multiple of mand cis a multiple of a, b, and c; con- 
| ſequently the leaſt common _— of. m and c is the 

| leaſt common multiple of a, b and c. 


377. Three quantities are ſaid to be in e | 
| Proportion, when the firſt is to the third, as the diffe- 
rence of the firſt and ſecond is to the difference of the 
ſecond and third. 


- *Any magnitudes A., B, C, D, E, &c. are ſaid to 
be in harmonical progreſſion, if A: C:: A- B: B C; 
B: D:: B C: C-; C: E:: -D. B- E; &c. 


5 78. The e of quantities in Jarmonical pro- 
greſſion are in arithmetical progreſſion. 


Let A, B, C, &c. be in harmonical priggrdlſion, 
then. A: C:: AB: B- C; therefore AB AC 
4 — BC, I dividing both ſides by 4 3 C. 


. a 


CRY YH 
| Again, B: D : 5 -C: Fl D; therefore BC BD 


. 
DE DC, and dividing by BC D, + D — 0 85 F 
and - 7 9 5 been proved equal to 5 7 ; therefore : 


he quantities > 5 >, 5 &c. have a common differ- 


ence, that 1 is, they are in arithmetical progreſſion. 
"bs ON 
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ON BINOMIAL SUR DS. 


37 9. To extra the root of a binomial, one or - both of 
whoſe fattors are quadratic furds.. | 


1 the index of the root to be extracted be a an even 
number, the ſquare root may be found by Art. 258, 
when it can be expreſſed by a binomial of the ſame. 
deſcription ; and if half the index be an even num- 
ber, the ſquare. root may again 'be taken, and ſo on, 


till the root remaining to be extracted 1s expreſſed by , 
an odd number, SE 


380. Let the cube root of the binomial a 25 
be required. 


Aſſume VEE e ; 
| then a= H = „ (Art. 257) 

by mult. ſy a. =£+y =m, by ſubſtitution; 
therefore y* = x*; alſo, from the. firſt Austin. 
a+ FN n 3 7 — 7 — 39 
„y; therefore by Art. 253.0 — Zxy*=a; or ſab. 


ſtituting for y* it's value m— a*, x* — 3uEN Af a, 


that is, 4%*—3mx—a=0, a cubic equation, whoſe 
roots may be found by approximation, or hy a method 
which will be given in a following part of the work; 
hence, 5, and conſequently *+v/ =o — 4 , the "op re- 
quired, may be determined. 
In the ſame manner it appears, 1 0 Fd root 
may be extracted by the ſolution of an en wth c 
dimenſions. 3 
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381. Let 4B be the given binomial ſurd, in 
which both terms are poſſible and and A greater than B; 


it's c root, or the ch root of TB. J, a quantity 
of the ſame deſcription, may ſometimes be found in the 


form a+ V6, or a+ vb, where a and b are whole 


| 2 


al x Ro (Art. 357); 


by . Ai - Fx e , let A be lo 
aſſumed that A= HN N may be a perfect e power = , 
then & =. 
Again, by ſquaring both des of the two firſt equa- 
tions, we have Y 


* A+BY * . T2 
Ae B x 2=a* —=2Xy+y 
hence A A+ BYxX2+V A-B — BY xQ=2x* +25" 


which is always a whole number when the root is a 
binomial ſurd; take therefore s and 7 the neareſt in- 


teger values of 8 A+B* * 9 and * 1 * 9, 
one of which is greater, and the other leſs than the 
true value of the correſponding quantity ; then ſince the 
ſam of theſe ſurds is an integer; the fractional parts 
muſt deſtroy each other, and 2x* +25" =, exactly, 
when the root of the propoſed quantity can be obtained. 
We have therefore theſe two equations 


& -* n 
„ „t 
2 3 
a+} == | 


therefore 


© 
-- Wd 
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x t 
therefore 2x n= = 20+5+1 


\ N 5 0 


e | 4 5 
g 1 TY 
ants +r. 
& = — — 
| '2 
8 1g 1 $8 
alſo 25 = ———— 
1 2 
„ 
= , 


therefore, if the root of the bigorgial A A+) B * 9 
Vi , | 
2 
and the root 6f A+B is VAL FTE - 21 

2 


be of the form x + 55 it is 


355 The root may alſo be in ME form 258 or 
, 


but theſe FRY are 1 in he "ND 


3 ſolution, 


Ex. 1, 
Required the cube root of 10+\/ 108. 
In this caſe, A=zy/ 108, B=10; A*— B* = 8, and 
82=m; ift ; if therefore l, 182. =2. Allo, Bp 
* A+B* =7+f; and V A-B* 1 where 
J 1s ſome fraction leſs than unity; therefore S=7, 


1215 and - 4 
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If therefore the cube root of 10+/108 can be 


exprefſed in the propoſed form, it is V3 3+1; which 
on trial 1s found to ſucceed. = 


. 


1A the cube root of 1145 be required. 


"ies Aa 7, B | B=11, = B* = 545 therefore. ; 
54 N =, and if 4, 216, and n=6. 


Alſo V AN. x 2=13+f, V N= 3 = fo 


Or 5= 13, 1 35 hence e =7 +1, 
and the quantity, to be tried for the root, is V7 +1 2 


/ 2 
Ex. 3. 

| To find the cube root of 297434. 

Here, A=2V/7, B=3V3, ARI; hence 

9=1, and 11. Alſo V A+ B* =4+f; A 


=1-f; or 1. 15 and e a the 


quantity to be tried for the root, which is found to 
fucceed. 


383. In the ſame manner, the c root of 4 B, is 
Nu NVA 2 
2 N. 


Ais leſs than B, u is negative. 


z; in which 6 J1 when 


384. in the operation, it is . to find a num- 
ber 9, ſuch, that 4. — M* A may be a pertect "ah 
1 9 GS power; 
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power; 5 will be the caſe, if Abe üben equal to 
FHR; but to find a leſs number which will 
anſwer this cis Jet KB be diviſible 4 a, a, 
. (n); b, b,.... (i); d, d, 1 IP in 
ſucceſſion, that is, let 4* — Tarn di &Cc. © | 
Q beo de &c. then T B n x hh , 
&c. which is a perfect c power, if x, y, x, &c. beſo 
aſſumed that m+x, , 7, are reſpectively equal 
to c, or ſome multiple of c. Thus, to find a number 


which multiplied by 180 will produce a perfect cube, 


divide 180 as often as poſſible by 2, 3, 5, &c. and it 
appears that 2.2. 3. 3. 5 180; if, therefore, it be mul- 
tiplied by 2.3.5.5, it becomes 23. 355 „or 2. 3 * a 
perfect cube. 

If A and B be divided by that greateſt common 
meaſure, either integer or- quadratic ſurd, in all caſes 
where the c root can be obtained by this method, 2 
will either be unity, or ſome power of 2, leſs than 20. 
Vid. Dr. Waring; ns Alg · p. 287. 


ON LOGARITHNMS. 


2 5. If there be a ſeries of magnitudes &, a., a*, al, 
WY a, 4 „. . . . C7, the indices o, 1, 2, 3, 
* 1, 2, 3. © q, are called the mea- 

| fares of the ratios of thoſe magnitudes to 1, or the 

logarithms of the magnitudes, for the reaſon aſſigned 

Art. 165. Thus, x, the logarithm of ** number c, is 


ſuch a quantity, that * c. 


' Here à may be aſſumed at pleaſure; and for every | 
different value ſo aſſumed, a different ſyſtem of loga- 


| rithms 
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rithms will be formed. In the common tabular loga- 
rithms, @ 15.10, and conſequently o, 1, 2, 3. * &, 
are the logarithms of 1, 10, 100, 1000, . „„ 


386. Cor. 1. Since the tabular logarithm of 10 
is 1, the logarithm of a number between 1 and 10 18 

leſs than 1; and in the ſame manner, the logarithm 
of a number between 10 and 100, is between 1 and 2; 
of a number between 100 and 1000, is between 2 
and 33 &c. | 
| Theſe logarithms are alſo real quantities to which 
approximation, ſufficiently accurate for all practical 
purpoſes, may be made. 


bon if x be the logarithm of 5, then TO = =53 
let © : be ſubſtituted for x, and 105 is found to be leſs | 


than 5, therefore \ ” is leſs . the logarithm of 33 


but 10* is greater than 3, or 3 is reater than the loga- 
Sr . eg 5 2 2 


rithm of 5; the logarithm found in the tables is 
69897, and 10 6 = 5, nearly. 


387. Cor. 2. If quantities be in geometrical progreſ- 
ſion, ar, an, az. &c. their logarithms, x, 2x, 3%, Kc. 
are in een progreſſion. 

The method of finding the logarithms of the 8 
numbers, or forming a table, is expluned. | in the 
Doctrine of Fluxions. 


388. The ſum of the an of tn two numbers is the 
logarithm of their product; and the difference of the loga- 
| rigs FD the lo agar ithm of their * 


Let 
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Loet b of c, and * * of d; then a&*=c 
and 4 ; hence, 4 de, and 1 or X#+y is 


the log. of dc, and X=y the log, of * 


Ex. I. Log. of 3X7 =log. of 3+ log. of 7. 
Ex. 2. Log. of pgr=log. of pg + log. of r= =log. 
of p+ log. of 7 log. of r. 


Ex. 3. Log. of 5 =log, of 5-log of. 


"bs, If the log. of a number be multiplied by u, 
che product is the log. of that number raiſed to the 1 
power. _ 
Leet 4 be the number whoſe log, is x, or 4 d; 
then a d; that f is, 1x is the log. of =» | 
Exs. Log. of 13 5 * log. 13˙ Log. 5 2 * 
ME”... 


390. If the log. of a number be divided 575 u, the 
ent is the log. of the = root of that number. 


Let 4 d, then 224 or - = is the log, of . 


Ex. * of gf = 3 


3091. The utility of a table of e in arith- 

metical calculations will from hence be manifeſt; the 
multiplication and diviſion of numbers being per- 
formed by the addition and ſubtraction of theſe arti- 
ficial repreſentatives and the involution or evolution 


of numbers, by multiplying or dividing their loga- 


rithms by the indices of the powers or roots ts required. 


Ex. 
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Ex. Let the vale of N N V3 be required, 
Log. of 5 =, 845098 1 


| 15 WS: 150515 


; © log. of 3 17 599404 


501. 1546534 ſum 


| .2309306 log. of 1. 1.70188 xc. the 7 
value Tg 


ON INTEREST AND ANNUITIES. 


392. Intereft is the conſideration ouſt for the uſe 
or forbearance of money. The rate of intereſt is the 
confideration paid for the uſe of a certain ſum for a 
certain time, as of / for one year. 

When the intereſt of the principal alone, or ſum lent, 
is taken, it is called imple intereſt; but if the intereſt, 
as ſoon as it becomes due, be conſidered as principal, 
and intereſt charged upon. it, it is called compound 

_ Intereſt. 

The amount is the whole ſum due at the end of any 
time, intereſt and principal together. 

Diſcount is the abatement made for the payment of 
money before it becomes due. | 


393. To find the amount of a given ſun, ia any time, at 
 ſemple intereſt. 


Let P be the 0 
, the intereſt of one pound for one year, 


> 


n, the 


dy 4 
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„ the time for which the. intereſt is to be 
calculated, | 
M, he amount, 
Then fince the intereſt of a given ſum, at a given 
rate, muſt be proportional to the time, 1 (year) : 1 
(years) ::7 : ur the intereſt of 17 for # years, and the 


intereſt of PF muſt be P times as great, or r 1; 
therefore the amount M= = Par. 


394- In this fimple equation, any three of the quan- 
tities P, n, r, M being given, the fourth may be 


found; thus, 5. — 


ur 


Ex. What ſum muſt be paid down to receive 5007 
at the end of nine months, allowing 5 per cent. dit- 
count? Or, which is the ſame thing, what principal 
P will in nine months be equivalent, or amount to 
60. allowing 5 per cent. intereſt? 


chi eaſe; 1660, 145 75. r= =.05; 


100 
* 600 Fo 
TT 1+; 75X 4 578.313 &c. £ 


hence, P= 


39 5. 70 find tie amount of an annuity, or - 
left unpaid any number of years, allowing ſimple iu- 


 Tereft upon each ſum or penſion from the time it becomes 
due. | 


Let A be the annuity; then at the 180 of the firſt 
year, A becomes due, and at the end of the {ſecond 
year, the intereſt of the firſt annuity is r A (Art. 393); 
at the end of this year the principal becomes 2.4, there- 
fore the intereſt due at the end of the third year is 274; 
In 
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in the ſame manner, the intereſt due at the end of the 
fourth year 1s hs &c. hence, the whole intereſt is 


rApard+grd. 2 + A rl (Art. 
| 212); and the fins of the, annuities is 25 therefore 


the whole amount M = nA + a. A | 
391 6. Required the preſent valye of a an annuity to con- 


tinue a certain number of uh, e 1 imple intereſt 
for the money. 


Let P be the preſent tive: then if P and the ; an- 
nuity, at the ſame rate of intereſt, amount to the 
ſame ſum, they are upon the whole of equal value. 
The amount of P in » years is Pur (Art. 393), 
and the amount of the annuity in the ſame time is 24 


+1. 


1,4 ; therefore P +urP = nA+ 1.—1 A, and 


+ 


ee 


P =. 
LEE. I Tur 
397. In this equation, any thee of the four — 


8 2. A. 15 r being given, the other may be 
fobnd. . 4H N . 858 | | 


398. Cor. Let 1 be infinite then PE 5 an an 08 


nite quantity ; ; ' therefore for a finite annuity to con- 

tinue for ever, an infinite ſum ought, according to 

this calculation, to be paid; à concluſion which ſhews 
the neceſſity of eſtimating the value of an annuity 
upon different principles. 


f | | 399. To 
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399. To Seal the amount 5 4 wo ſum. at compond ; 
intereſt. ; | TE, 


Let Nb together with it's intereſt for a year; 


then at the end of the firſt year, R e $06! 1 
cipal or ſum due; therefore | 


1:R:: R: R*, the amount in two years; 
1: R R.: Rs, the amount in three years; &c. 
in the ſame manner, R“ is the amount in » years; and 


if P be the principal, the amount muſt be P tirmes x: bs - 
great, or FR a= M7. 


M 
400. Cor. I. F rom this equation we have Þ er 


Ex. What "I maſk be paid down to receive 6004 


at the end of three fn 5 per cent. or ann. 
compound intereſt? | 


In this caſe, 2 leere and con- 


| ſequently D ==» 18 3026. 0 


1.05 8 


401. Cor. 2. If P, R and M be given to find 1 we 
have, log. P+1X log. R =log. M, or 


E N — - log. E 


n K ; 


402 T 0 find the amount of an dy" in oy he if 
Fa, at compound mere. 


Let A be the annuity, or ay aue at * ond of the 
firſt year; then 1: R:: A: RA, it's amount at the 
end of the ſecond year; therefore A+ RA is the ſum 


que at the end of the ſecond year ; in the ſame man- 


ner, 1:R:;:1+RX 4: R + R A, the amount of the 
a Bad. two 
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two payments at the end of the third year; and 
1+R+R*x 4 is the whole ſum due at the end of the 
third year; in the ſame manner, 1 ＋ RT N. + R 
x is the ſum due at the end of u years, that is, 


Ra — 
2 XA. M. (Art. 222). 


403. Cor. In this equation, any three quantities 
being given, the fourth may be found. 


404. To find the preſent value of an aumity to be paid 
for n years, allowing compound intereſt. 


Let P be the preleme value, 4 the my then 
fince PR. is che amount of P in years, and = * 5 
4. the amount of A in the fame time; by the 


queſtion, eB x4 an P= e 


405 Cor. I. Any three of the quantities P, 4, R, 1 
| being given, the fourth may be found. 


406. Cor. 2. 1 the number of years be infinite, 


Re | 1s than, and — I . vaniſhes, therefore Pe ans 


Ex. If ths annual rent of a "Freehold eſtate be FA = 
what is it' s value, allowing 5 per cent. compound 
intereſt? | 


+ In this caſe, 4 1, R-1=.0 53 therefore te pre- 


. ſent youu N 220 £, or 20 years purchaſe. 


407. Cor. 
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407. Cor. 3. The preſent value of an annuity; to 


commence at the expiration of p years, and to con- 
tinue 9 years, is the difference between it's preſent 


value for P years, and it's ae value for p 


years. 

Ex. What is the preſent value of an annuity of 1L, 
for 14 years, to commence, at the expiration of 7 
years, allowing 5 per cent. compound intereſt ? 


1.090 —1 


The preſent value for 21 years — 3 


I X 05 A | 


12. ING and the preſent value for 7 years 


= SEL 5 79 C5 - hence, the value of the an- 


nuity for 14 years after the expiration of 7s is 7-03 0 
nearly. 


* 


— 


ScfHolLIUX. 


408. The method of determining the preſent value 
of an annuity at ſimple intereſt, given in Art. 396, has 


been decried by ſeveral eminent Arithmeticians, and 


in it's ſtead a ſolution of the queſtion has been pro- 
poſed upon the following principle; * If the preſent 


value of each payment be determined ſeparately, the 
ſum of theſe values muſt be the value of the whole 


annuity.” f 
Let & be the value or price paid down for the an- 

nuity, a the yearly payment, the number of years 

for which it is to be paid, 7 the intereſt of 17 for one 


year. The preſent value of the firſt payment is 177 


(Art. 
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: (Art 294) the preſent value of the ſecond payment, 


or of af to be paid at the end of two years, is Pn 


and ſo « on; therefore x=— + re e 
1 +r I+27 | 1 ur | 
409. Theſe different concluſions ariſe from a cir- 
cumſtance which the Opponents ſeem not to have 
attended to. According to the former ſolution, no 


part of the intereſt of the price paid down is em- 


ployed in paying the annuity, till che e is 
exhauſted. 


Let the annuity be always paid out of the prin- 
cipal x as long as it laſts, and afterwards out of the 
intereſt which has accrued; then x, X- a, x— 2a, 
x— 3a, &c, are the ſums in hand during the firſt, 
ſecond, third, fourth, &c. years, the intereſt arifing 
from which 1 is ræ, rx ra, TX— 2ra, rx — 37a, &c. — 


is, the whole intereſt 1 is urx — 1 1+2+3. a= 1 X ra, 


or urx — U. 2 ra, which together with the principal 


: * 18 equal to the ſum of all the annuities ; therefore 


A—1 
| Aa+n———r@ 
ES 


Iu „ and x=——— 2 e 


396). | 
According to the other an part of ha in- 
tereſt, as it ariſes, is employed in paying the annuity, 
but not the whole. Thus, the firſt payment is made 
by a part of the principal, and the intereſt of that part, 
which together amount to the annuity; and the other 
payments are made in the ſame manner; this is, in 

Vol. I. ; P 1 effect, 


— — — ˙K— Cr 8 
DDr ke — 3 

N 

o 


- 
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effect, allowing intereſt upon that part of the whole 
intereſt which is incorporated with the principal. 


According to either calculation, the ſeller has the 


advantage, ſince the whole, or a part of the intereſt | 


will remain at his diſpoſal till the laſt annuity is 


5 paid off. 


If the whole intereſt, as it ariſes, be incorporated 4 
with the principal, and employed in paying the an- 


nuity, compound intereſt is, in effect, allowed upon 


the whole. Let æ be the price paid for the annuity, 


the number of years for which it is granted, and R = 14 


together with it's intereſt for one year. Then * in 


one year amounts to Ræ, out of which the annuity | 


being paid, Rx —a is the ſum in hand at the end of 
the firſt year; Rx - Ra is the amount of this ſum at 
the end of the ſecond year, therefore Rx = Ra—a is 


the ſum in hand at the end of the ſecond year; in the 


ſame manner R*x Rg Ra....-a is the ſum 
left after paying the laſt annuity, which ought to be 
nothing; therefore Rex a ed a= 


R*a — E. = * = Dn. (Art. „ 
| 1 


ON THE SUMMATION OF F SERIES. 


410. We have before den the * of 1 
mining the ſums of quantities in arithmetical and 


geometrical progreſſion, but when the terms increaſe 
or decreaſe according to other laws, different arti- 


fices muſt be uſed to obtain general expreſſions for 


their ſums. W The 


1 


BY $UBTRACTION. 


The methods chiefly adopted, and which may be 
| conſidered as belonging to algebra, are, 1. The method 
of ſubtraction. 2. The ſummation of recurring ſeries, 


by the ſcale of relation. 3. The Differential method. 
4. The method of Increments. 


+" its The inveſtigation of ſeries whoſe ſums are known 
by ſubtraftion. 


ER 


Let 1 +/ LENS Pa in inf. = 


chen; 4 ee in inf = we x 
. 4+ * 


by ſubtraction, - — * 7 = 2 Kc. in inf. = 1. 


Ex. 2. 


tes 


Let 1+; ++ I +&. Wink. 8 


1 


4 
thes* 1 r. in inf. = 8 2 


1 * Wa ns 4 5 85 
mY 8 1.3 * 72 


1.3 24 3.5 4-6 4 

1 | Ex. 3 
C016 

e 

5 1 1 1 ; I 
then — + — + — + &c. S 
13 34 5 2 
P 


| 227 9 


2 — — 1s > = 
CER CERT 


og * $8," * © z 
— — 


— — — On —U—U— ᷣ — — —— Cree" re, — —2 


} „% „„ — on 
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| by fubt, —— — rr. 
y e c 


1 
2 
and — + —— + — = 
£27 Saſs Es * wan” 45 4” 


5 Ex. 4 


Let Ee + e e. s 


IT 


A 5 


3 
then mtr tm rs tots uc. 5 


ä 


by ſubt. K . 2 3 


M. mer mr. m 27 Fee m' 
hence, : + ar 3 . ＋&c. = —, 
„ m. mr * ＋ . 1 ＋ 27 arr. rm 


Ex 
Let mr 13 then the ſeries becomes t 


2454 &c. in . 1. After terms, this ſeries is 


e e 1 - + Kc. whoſe 
1 ＋ 1. 1 ＋ 2 1 ＋ 2. ＋43 1＋3. NAY = | 


ſum 1 In infin. 1 24 : therefore — — 5 + — 2 


os $3 =. 
Kc. to » terms, 1 aokhs 
Ex. 5. 
3 : me 
* 5 n : Pe 
r 11 0 555 TRE | 


; 8 by 
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: 27 1 | 

| 4. m. mr. m 27 m +r.m + 27. in + 3r 8 n. +r 
T4. 35 as 5 

mn. i r. m ar r. mar. m zr STEEL ITE m7 = 


Let m=r=1; then + 1 
4 . 8 


in infimtum = 4 After terms, this ſeries becomes 
N 
12 +3 +2. u 3. 174 


whoſe ſum is ; therefore 3 +; oy 
af 4. „ 


1 


5 1 
＋&c. to n terms, = - =: 
. 4 2.1+1.0+2. 


Ex: 6. 
412. To find the ſum of the ſeries 7-46 + <3 * | 


6 EC. in infinitum. Sp 
When the ſum of a ſeries of this kind is required, take 
away the laſt faftor out of each denominator, and aſſume 
the reſulting ſeries equal to S; and then proceed as in the 
former examples. | 


5 = a + = 
ERS . 3 80 -+&c.=8=; 
dy d., 0 + = 4. 705 8 1 6.8. . Ws =; 
oy 7 + IT ige 85.55 | 


23 Ex. 2. 


2 — _s 


Tren Far F 7 8 mr. nad WI 


— 
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Ex. 7. 


To find the forn of the ſeries = Lis wo + 
m. FT Far 


a+3b 


. &c. in « 


infinitum. 


231 


BY VOSTRACTION: 4 


By Ex a mn mtr mbar 7 mo 2rmÞ+ 37 mb 3r +& n 
. m+ 
n. mr. mar m+r.m +2r. m+ 37 1 Fr. m ＋ Zr. m A4 WF 
EY Ro EY F MT. 9 
By Ex. 55 . m. . mar Omer: W mr 1 27. 7. W 4 Kc. Any | 
6 27 2 N * 
wy ſubtr. TT m + 2r. m + 3r TX om ＋ 3. Aar + 5 2mr | 
5 | ä 3 EF” OS Ss aA 
„ —_ — M———— —_ — 
mult. fr m + 2r. 1 ＋ 3 mar. 1 +47 2mr” 
| | a a | a + &c. EE a = 
| alſo, mtr. 127 n Tr. m + 27. 1 37 m zr. n 3r.m + Ar 2 * 
a+b_ a+2b 2435 . 
by add. mm Fr. n far r. Tarn F fr Mar: 55 nan 7 Omer 


© 
— 


7 4 
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- 


, Let a=J, 1 18 then 


5 5 53-4 
c. 1438. 
3-4-5 24 


Let 9 n n I;, F=2; then 


173.5 9-5-7 
+ 3 
5-7-9 8 
Vid. Philoſophical Tranſa&tions, Vol. haxii. ago : 
389. 
Ex. 8. 
413. Let 143 ac ace 


54 fi at be. be a deſcending 
ſeries, and ſuppoſe 5 1 
„„ 

"F'J 2 Wh: a 
1 ace 4+ 2 


by ſabt. x — J * EE e 
* E 2 


* N * Kc. 1. 
Aſſume a2  b=m 
cC=H+1I d = =m+1 
e=n+2  f=mb2 
. &cG. 
n n 1 mn 3 n ; 
— xc. 13 
een e e nF N 
3 1. 1 T1 „5 
— — yn nm 8 C4 if 
On * e w mn 


BY SUBTRACTION: - 233 


1 * FF. 2. 
#=2,. then 4 2.3 


———== ＋ &c. = 
m m.mhl mm I. m2 | | 


m—2 
414. Similar to the acted of fubtiadien 3 is the 
following, Sen by De TOs Miſcell. Anal. p- 


130. 


Aſſume a ſeries whoſe terms converge to o, involving 
the powers of an indeterminate quantity x; call the ſum of 
the ſeries S, and multiply both fides of the equation by a 
binomial, trinomial, Sc. which involves the. powers of xX 
and invariable coefficients; then if x be ſo aſſumed that 
the binomial, trinomial, Sc. may vaniſh, and ſome of the = 
firſt terms be tranſpoſed, the ſum of the remaining ſeries 5 g 
equal to the terms ſo tranſpoſed. | 0 


„„ IL 1 5 
mi nl + +5 ” + &c.=6. 
Mattphing both de by . we have 


8 0 
* 2 * fn e 5 5 | 
„„ CO xs IN 

Re . 4 

3 4 5 — 2 15 
014. ff ITS 1.8; and fx=1, 
then — —  — _— 4 or — + 
then 1+— 3 175 + "75 + 


ff 


22 1 e, 


as I 344 


— 


— — 
by < ne ene — * 
— — — 


— ä — 
— . — 
— . oO 


— 


CR — 2 — Dd * — 3 — 
— ] ˖§ꝙ% 9 — — — 
— 2 - — 
— 


— 
— 


—— ——0— 


2 — ———— 
— — — 
— Regs 

— — — 


— IYER In —— —— 
” 
> 


» % 
— IO. — 


1 
+35 
6 by 
EY 
3H 
 : 
+18 
Wi 
_ 
} 
1 
1 
_ 
1 
oy * 
4 
17H 
8 
N 
1 
45 
1 
S 
, 
1 
1 
1 
3 
{ot 
1 
7 
. * 
4 
. 
. 
"vt! 
1 "41 
Tx 


— . ——— — ———e> 22 
— 2 9 - —__ * — — — —_— * —— 
— ¶ Q . ] §‚—]7§7—— -batwnec tw - 
—. — — — — — — w,. . 
— 


3 
— — 
— — — — 
—— 


— — —— ͤ——— ——ęöq ——— 
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15 : 8 


Aſſume 1 17 += 5 2 op Kc. = 8. and ail 
both ſides by x"—1; ben 


* ** 1 8 . X S, 


7 


on Eb z + - — 4 += 25 8 — 1 x8. 


£ 345 
Let x are eg * 1, or —13 if x=1, then 


2 1.3 2.4 3.5 


If x=—T, then 


— 2 2 = —&e.=0 
1+5 ** 13 2:4 3 5 


Ex. 3. 


3 


Let 147 17 += £ ; + &c.=6, and mutiph both 
| hides by 2X—1; 1 hen 


1+E | 
TY 3 3-4 


2 PX | 


5 BY MULTIPLICATION. 43 


3 ; - 1 
iE f e 
3 


e go ; 
415. If both ſides of the equation be multiplied 1 
a binomial, each term of the ſeries obtained will have 
two factors in it's denominator; if by a trinomial, 
each term will have three factors, &c. 


Mk 


Let1+5 ＋ 5 * - + &e. 2 


— — 


multiply 18 ade * 2X—1,X—1, or 2* —324 1; 
chen | 
ax A + 25 + &c. 


r 


„%%% CR Os 
„ mls a z 
. 


5 2 GE -. a 
r 
Gs 1-23 2-34 3-43 


＋&c. 1 3 CI. $. 


„ 
If xk, then 1 5 + 14 24 * e. 
. 6 7 & 3 E 
an c. 2 L. X= > 
123 234 © 3:45 © bes 
—$% 5 1 2 
then 2 47 2.3 2 * 2 Put Bas” 5 2 d I 


ge WR FONT Tg 
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4 


mr ' m+2r | 
multiply by fides by the binomial ax — ay then 


Let Z + 


a ** 
11 oe rs =" Jana 
5 Pol mn I» 


—  — — ¶ —— 


m mar mrar 9 9 5 
7 3 Aan ep 2ren mor.b | 


3 5 * ** + 
m mn r mtr. mr 
&c. = ax — ax — b.$. 

Let ax— 5 o, and — - 15 then 
3 7 4 
AV. an ae CELAS mtr. Xx xc. 2 

m. m Er m Tr. mar 11 


If the terms of this ſeries can be made to coincide with | 
the terms of a propoſed ſeries, the ſum of the latter 
may be found. Thus, let the ſum of the infinite ſeries | 


2 2 
K 8 5 1 % 5 Ke. be required. 
13 3 35 5.7 3 5 


In this | caſe x 835 a therefore © 35 So, or a= 36; ; 
alſo m=1,r=2, and Tra n 2, that i is, 34 — b, 


or 9⁵ — SEG 2; 3 hence, ba „ a= 3, ; and if theſe values 
4 4 


be ſubſtituted i in the ſucceeding terms, the general 
ſeries coincides with the propoſed one, whoſe ſum. | is 


b N 
therefore -, or 1. 
m 4 


After the firſt u terms, tho ſeries becomes 


BVI MULTIPLICATION, 237 

7 * SY | I WY 1 

3 X — 7 CL +: == 1 5 * | n4+2 
24 +1. 2143 3 — 3 


or & n+ = X = + = 8 2 ke: 
. 20 ＋ 1. 25 ＋T 3 3 27-3. 21 ＋ 5 * 35 


and by comparing this with the general ſeries, we 


find 15 4 and a= 3b; allo mn zu T, r=2, n Cr a 


— mb = =1 + 2, or 21+3. 3277 b= =#+2 ; there- 


fore 4n+8.b= +2, ad b=:, 0 = 70 hence, 


— 222 = 10 I x " &c. = 
24 +I.20+3_ 2 21 +3. 2 T5 

LR _ 1 

6ö¾b Re Ong Fd 
„„ "+3 V 
b 1 — X 7 &C. = 
2 ＋ 1. 2 23 3 2 ＋ 3. 23 ＋ 5 3 * A | 
— , the ſum of the ſeries after the firſt x 
r 


terms; alſo, the ſum of the whole ſeries i is N therefore 


the ſum of the ls terms is —. 
| : TY 4.24 + 1.3” 


Cor. Since the ſum of the ſeries after the firſt 1 
| 1 
0 4.2 2252 if #=0, we get the ſum of the 


1 1 
- . 
; 1.3 4 


whole ſeries = 


Ex. 6. 


2 Y x « * 
5 — h * 
— 7—5rJ ——ͤ — ͤ——ʃ—ak—— : ———ñ c5 


+ 


ſince ax & + c=o0, and one value of x is 


RR SVNNATION-OF SERIES. 5 
Ex. 6. 


WNW 
To find met 135 3 45 


1 $2 
— * c. in inf. 
* 817 32 


Becauſe the factors in the e . 25 95 


by 1, and begin 3 1, afſume 1+5 * 7 = * 5 
* 


3 | 
7285 &c. , and e both hdes by ar — RY ; 


then 


— 2 ——— -—+&c. Mn gang ore, IE 


2 92 — r 
1.2.3 2-3-4 


x3 


208 — 1 
3 4-5 


X x* + &c. =4aX ES 5, and 


I I Z 
5 becauſe the powers of i are involved in the terms 


of the propoſed ſeries, we have 1 +7c= 0; allo 


6 — 354 20 19, and 124— 85 T6228 ; from which 

three equations it appears that a=6, =, c=2; and 

if theſe values be ſubſtituted in the general ſeries, we 
have 


| RECVRRING SERIES. 3 239 


1 


have 2— 12 R 39 Xx — 
on 12 ets 2.3-4 "4 $43 160 
52 19 1 39 39 
- * —b+&c. = or ——X -+——=X 5 oþ — 
4.5-6* 32 ms 2.3 4 a At ö 
We 5 


ON RECURRING SERIES. 


416. If each ſucceeding term of a decreaſing ſeries 
bear an invariable relation to a certain number of 
the preceding terms, the ſum of the ſeries may be 
found, 

Let a+bx+x*+&c. be the propoſed ſeries; call : 
3 terms A, B, C, D, &c. and let C f +g32.4, 
= D =fxC+giB, &c. where f+g is denominated the 
ſeale of relation; then by the een : 

„„ 

. 

G fxB + gx" | 

DS f 

E=fxD+gx*C 

e. &c. 
and if the whole 3 tende 28, we 
have 


2 1 Ag, or 

$—fx8 A "S = =A+B-=fx4; therefore S= 
: 422 oe, 
1 . ume manner, if the ſeale of relation be 
f+28+ &c. to u factors, the ſum of the ſeries is 
. A+B 


> 


240 RECURRING SERIES. 


A+B+C... E 2 e )&c. 


terms = — — —. 


{JS CN — A, e bo 
Ex. I. 


_ To find the ſum of the infinite ſeries target 
+ 4x? +8&c. when x is leſs than * 


| 8 1I＋2x - 2& 
Here, = 2, 21 * the Gam =. ; 
| 5 F 142 3 . e 1 2K TK 
5 | 
1 


If x be equal to, or greater than 1, the ſeries is 
infinite; yet we * that it ariſes from the divi- 
ſion of 1 by 1 *, and the ſum of 1 terms may be 
accurately determined. 


'The ſeries after the u firſt terms becomes 1+1. 1. x + 
1 T Z. ** Az 3 * &c. in which the ſcale of rela- 


tion, as before, is 2 1; and therefore the ſeries ariſes 


+1 * TA + 2.09 —2.4+1 II 
1— 2 KA 


88 


11. — ar. 5 
by — — therefore I + 2x + 350 + ec. ton 


1 — FEST I s 


\ 


1 — * 


Ex. 2. 


To find the ſum of 1 terms of the ſeries 1 + 3x+ 
5 + 7x* + &C. 
Suppoſe f+g to be the ſcale of relation; then If +o = 55 
and sf+3g= =7; hence f=2, and g==1; and by 
trial it appears that the ſcale of relation is properly 
determined ; 


RECURRING SERIES. 2241 


5 1＋3* — 2X A LE: 105 
determined; hence $= axes 72 After » 


terms, the ſeries becbene 2 I. x. 27 3. f + 
2 5 5.x"+2 + &c. which ariſes from the fraction 
21 ＋-¹ LTZ. — — 2. 20 + I. L.— | 
3 OF” - 
5 PD Bo 2x+x" 
20+ 1. * — 2 — Lat 


; hence, 1+33+50" 45 4 


105 4 23 IX" ＋ 22 — 1 K 
&c. to u terme, = 14 = FT 


1. . 


| To find the ſum of = terms of the {eries 1 1. * 
+#=2.x* +1 3.0" OT 
In the ſeries 1— 1 1 I. x42 2.3 T 2 3. * + Kc. the 

ſcale of relation is 2 — 1; therefore it's ſum in inf. is 

1 — 4 — 2. * — 2 1. "5s — 1.x = ux 

Of e e — | 

terms, the ſeries becomes — K* r — 2 * Kc. the fa 

— x+1 | 

1 E 


cherefore 1—1 8 2. * T2 —3 + &c. to u terms, 


_— 


| After 1 


of which 1 18 Sand in the ſame manner, to be 


—— 


—1 * — IX — | 


r 1 — 2. K* 
= — —— Hence = +- DL 4 
wy 2 95 3 + . 
3 1 IAN L 
&c. to a term: 
wy nun. 1 = 
5 S 5 s Ef 75 Ex. 4. 
To find the ſum of” 1 terms of the ſeries L *+2 *+ 


42 det e 


242 DIPFERENTIAL | METHOD. 


Let the ſeale of relation bef+g+6; then 
e 

16/+ 9 L425 

25f+ 16g+9h = 36. | D 
From theſe equations we obtain f= = Js g=- — 3. 
ul, which values, when ſubſtituted, produce the 
ſucceſſive terms of the propoſed ſeries; therefore S = =. 
1 + gx* — 31 — Lz& ＋ gx*. '1+x © n 
x 1 1 : 8 the ſum of 
the ſeries in inf. when x is leſs than Eos 
After the firſt u terms, the ſeries becomes 21M; X wh 
AN *r +1+7 N + &c. which ariſes from 
the fraction . x T — — 3 

r 1 2150 35 ＋ 

25 hrt — es, + TID a jor 
3 K | 
=D x 21 7? Xx m Kur, f and al 


quently the ſum of » terms ot the ſeries 1s 
| I e "+207 2 — 1 1X x Ar. e 
| On this fubject- the oe; may pulls De 
| Moivre's Miſc. Analyt. p. 1 And Euler's * ; 
lofinit. C. Fl.. 


2 


ON T HE DIF F FERENTIAL METHOD. - 


417. In any ſeries of quantities 8 1 
: &c. if each term be taken from that which follows 
it, abd the differences of theſe differences be taken, 


of 


ry . ” F — 
” ages 
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and ſo on, the following ante of differences will be 
obtained 
* Diff. þ— a, Fu PPD e— PICs xc. „ 
24 Diff. c- 20 ＋a, d 2c Tb, e 2d+t, f- 26 ＋d, &c. 
3 Diff. 4— 36 ＋ 36 — a, e 3d 36 — 55 3% 346, 
[&c. 
4 Diff. e — 44 Ebe- e, F- 4e Gd-4 l, &cc. 
50 Diff. f— 5e +10d— EE” a, Kc. 9 os 
1 | &c. a 
Hence it appears, that the coefficients of the quan- 
tities a, 5, c, d, &c. in the firſt term of the 
differences, are the coefficients of the terms in the 
binomial raiſed to the #* power, and that their figns 
are alternately poſitive. and negative. 


418. Let 4, du, dus, qu, xc. 1 the firſt 
terms in tlie firſt, ſecond, third, fourth, Kc. e of > 
differences; then 


„ b 
7 Lhe | | 
1109 LEST = eee 
ale ca. 4 ep Ke . e e 
6 aus gen. 
bein 
A netted”. 4 2 3405 1 
| d=3c-3b+a+d”" =a+3d'+ Lade 3 

5 e Ad- 6 ＋46— AA ade +4" 
&c. „ | 
from which. it is manifeſt, that the Seen, of a, d, 
a An, &c. in the expreſſion for the 1 in term of 
. the 


— 
+ 1 N 


X OM. | 


244 . | DIFFERENTIAL METHOD. 


the ſerie a,b, c, 4 &c. are the coeffcients of the 
terms of a binomial raiſed to the nn power; that is, 


A 
the 1 term of the ſeries is a+nd'+n. 24. 1 


u 11 2 . 7 e 
„ 5 ee. | | 


419. Cor. . The ut term of f the ſeries i 54 — 114. 


1 bn +5 api; how en dir 


| Required the 290 term =p the fre, I, 3. 5s 7 c. 

| eee . „„ 
1 "= a + WO Fr a 

1 3 . | 

4 Here, a=; =1, d*= =2, au So; therefore the 10 term 


is 1 +4—1.2= 211. 


420. Cor. 2. If the 3 at wh mail, the 
ud term of the ſeries will be exactly determined; but if 
the differences do not vaniſh, we can only approxi- 
mate to it; and the leſs the differences become, when 
compared with the former differences, and with a, the 


nearer will the approximation be to che true value of 
that term. 


421. Let the propoſed ſeries be 04's a, 440 4 U 
n &c. then 
1 * Diff. 4, b, c, d, &. 
2 Diff. 54 c— , d c, Kw. 
345 Diff. = 2b4 a, d 20 76, &c. 
L 4 Diff. Ker &c. us 
&c. 5 
Let 
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Let ba: =d" ,c-2b+a=d", d- 3c 3b—a=@", 
c&c. then the u+ ;+1® term of the os that is, a+ 
b+c+d+&c. to 1 terms, is na+n.— — . : 


e + &c. (Art. 41 8). 


I/ therefore a, b, c, d, Ec. be the terms of any ſeries, 
whoſe firſt, ſecond, third, Sc. differences are repreſented 
b de, di, de, ”_ the ſum of n terms of this ſeries is 


+ —InN-2 


na n. 1. 1 . *+&e, 


Ex. 1 


| Biequired the ſum of the 115 1 + 3+5 +7 + &c. 
continued to n terms. 
I, 3 4 7 
„ „„ 1 

„ . 

In this caſe, a = 1, d*=2, duo; hence, the ſum 


. : 


5 a+ n 1 =. 


. 2. 


N Ke _ of the ſerie 1 2 þ 22 +3'+4 + 


&c. continued to n term. . 
78 4. 9. 16 8 
iy, $47 
- 2, 2 
\ Ba 
Here, a=1, d 3, 4d =2, 4 =0; r the 
Ig Q 3 „ 


a. 'DIFFERENTIAL METHOD. 


= — 12 . | 
fun ata 4 .= N 
3·˙ 3444 12,3 
1.7 T1. T1 1 . 
= 1.2.3 * ; 
Ex. 3. 


To find the ſum of the ſeries +2 +3) ke. to 
* terms. . 
e 3, 27, 64, 128 
9+. 197 37 61 | 
12, , 14 
6, 6 
pos 
Here, 1, Gm =7, G"=12, 4” 56, Ne there 


fore the n ee . 3 12+ 


1—1 2 — 222 25 „2 3 


Sometimes the ſum may be more readily obtained 
by beginning the ſeries with one or more cyphers; 
thus, to find the ſum of 1 terms of the ſeries 1 +2 5 
+3*+&c. take 1+1 terms of the ſeries 0+ r 


3 ＋&c. 


O, I, 55 27, 64 WY 
"Is: 7, Io. 37 
SEE ene 
6, 6 9444. 
0 


Here, a=0, d i, du =6, dub; and the ſum 
Saf „„ FF of 
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— — 


» + 1.2. 2—1 


of x +1 terms is 71 + 723 X 6 +; | 

+1. e 1 2 44. 
1. 2.3.4 . 4 

1 ＋1 Mt 1. 1— 2 e . 2 

W 1. 1 ＋ 1 


— A f 
— — = 
© 


The differential method may alſo be applied to the 
interpolation of ſeries, and the quadrature of curves. 
Vid. Emerſon's act on this ſubjeck. 


oN THE METHOD OF INCREMENTS. 


422. Any variable quantity is called an integral. 
The magnitude by which it is increaſed at one ſtep, 
is __ the increment. Thus, 1+2+3 + wa. 


1 — , and the magnitude by which it increaſe at 


one ſtep is m+1, which 1s tells the 1 increment of the 
integral FS. 
- When the quantity decreaſes the increment 8 
comes negative. | 


423. F two quantities begin t 10 increaſe together, and 
| their correſponding increments be always in the ſame ratio, 

their integrals, or the whole nn en will be 
in that ratio. | 


Q 4 8 : Let 
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Let the correſponding increments be A, B, 8 c. 
_ a, b, c, &c. and let 4: 4 :: B: h:: C: &c. 
n: N A+B+C+&e. eke. 12 : M: , 


Cor: When nn, or ue increments are equal, the 


| integrals are alſo On. . 


424. If an integral be am "Y the produtt of 


quantities in arithmetical Progreſſion as m. mr. m ar. 
| m+3r: . . mn 1 erer is conflant, and m is 


increaſed at every. lep by r, the increment of this integral 


DR — — 


1 nr x mr. mar. gr.. ma "BD 1. r. 


The firſt value of the integral is m. Cf n Car. 


77 37. „ LA 1 1.7, and the ſucceeding value is 


—  ——_—— 


mErm+2r. grun Ar. n Tur, whoſe dif dif- 


— 


—U— — 


ference, or the 1 Increment of the integral, Is rx r. 


| 1 27. 1ST. A m 1.7. 


4 


425. Cor. I. Since an invariable quantity C has. no 
increment, the increment of m. 1 Fr. m Þ+ 27. m+ 37. 12 


1 * C is alſo r xn fn Tar. 1. 
N 5 


Wi; 


426. Cor. 2. Hence, if che increment of a an inte- 
oral be repreſented by nr X m+r M27. m gr. 


m A 1. r, the integral 1 is . mr. m +27. m3. ES 


1 I C; where the invariable quantity ( C muſt 
be determined by the nature of the queſtion, | 


/ 


427. Cor. 


427. Cor. 3- If the increment be AX m nr Tar. 


— / 


m 2 5 1 1 In, where 4 1 Is  invariable, the 1 inte- 


* — — 
gral is — — en. n rn Tar. 1 n 1. TC. (Art. 


423). | 
428. If A be the conſtant 3 increment, UE M the 


nurhber of t times it has been N the N Is 5 


k 


let the increment be reduced to the products of arith= 
 metical progreſſionals whoſe common difference is the quan- 


* * 
1 5 


42 9. To \ fud, 8 the peri of any increment, 6 


tity by which the variable magnitude is increaſed at every 


ſtep, and the integral of each increment will be 3 by 
multiplying it by the preceding term in the progreſſion, and 


_ dividing it by the number of terms thus renee and by 


the common di Herence. | 


430. The conſtant quantity which is to (be added 
to or ſubtracted from this reſult, in order to obtain 
the correct integral, muſt be determined by the nature 
of the queſtion ; thus, when x, the integral obtained 


by the rule, is a, ſuppoſe the true integral is known 


to be þ; then ſince x+C 1 is in all ad” the integral, 
244, or C= =b — -a; therefore the correct ee 
5 is bouts ” 


1 Xt : 
1 4 3 
115 n 
* 2 


Ex. I. 


e! and * am of the ſeries 1 +; 2 + 3 + Ke. « con- 8 


tinued to # terms. 
| The #* term is u, and the increment of the ſum is 


aw 


* 


A+1, 
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and the integral, or ſum, is F 


Sufi, whoſe integral i is 4:55 AXEL TOON 
: which. needs no correftion, 3 


1+ 1, , whoſe integral according to the rule, is 5 oo 
And this i is the correct integral, becauſe when n= = 1, 
the ſum i is , as it * to be. 


Px 2. Ye 


| What is ; the t 105 of the Ae 8 115 „ tee! > 

Here the Tackmeny); s 2, and the integral 204+ C 
(art. 428), but when 1 = 1, the integral is 7, there- 
fore 2 1027, and C= 5; therefore the correct inte- 
"=O is NEV 5+ the 1 term of the een ſeries. 


| Ex. 3. 
To find the ſam of the ſeries 2 bp 3 Ake. | 


1 continued to 1 terms. 


The increment of this ſum 1 18 1 Ns 2141 I +1+1 1, 


— 1. . 1 T 1 11 T1 3 


- n+ 1.1.41 1 


a ; which needs no corre&ion, 


2.3 


Ex. 4 | 
10 find the farm of the ſeries 1 +3 +6 ue. 


| continued to n terms. 


The increment of the for i is 24 +1) Year +40 I 


9928 © 3 4 11 © ,v £ 
* * : 
* 
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Ex. 5 55 
e find 1 the fam of 1 terms 4 the ſerie * 7 p 
The in increment res the "OR is% 7 bf ay + - an 3u+1, 
=1n.n+ 1＋ 1. T2 TT 1 I, whoſe integral 1s b 
1 TEE SACS DL. WW, I JET : the fun te- 


quired; ; which needs no 3 


The following table of fgurate nuitbers is 18 formed 
by making the 2 term of wee rank INN 
do the ſum of # terms of the preceding. R 


© ws Order TL. 1. hy 1; * 


24 8 I, 2 41 4. 5 62 6 
oy 1. 3, 6, . 15. 21 
85% 1, 5, 15, 35, 70, 126 
e | &c. e . 
Ex. + 


To find * ſum of 1 terms of os mb order of 


| figurate numbers. 
The ſum of # terms of 4 * * is 1; therefor 
n+ 1 is the increment of the ſum of x terms of the 2 


order, and it $ integral, n,— "> is the » Un term of the 


| a? ' order; conſequently 


a+ I 2 


5 of increment of the ſum of of n 3 of the 30 order, 
8 and it's s intog al LET . is the ſum of u terms of 


the 3 ' order, or the 10 term of the 4 order, Kc. 


Thus 


is the i term, 
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1 ee FT is s the um 
which was to be found; the. en e e no 
correction. 9 


Thus i it appears chat 


Ex. 7. n N 
To find the fo os terms of the eres 1 2 T2. 3+ 


3.4+&c. 1 
The 271 term, c or increment t of the N is =) I. 


* 1 Ml 2 5 
,; which needs no correction. 


2 ＋ 2, and conſequently the integral, or ſum, is 


Ex. 8. 


To find the Ws of the 1 ft terms p” a fries — 25 

1 term is an ＋ bn +11 +d; a, b, c, d, . given 

quantities. 

Aſſume A. A 8 u. 71+. „Daf 5 

+baFI+aÞ+1+d; or 
Au ＋ 3 Au ＋ 2 Au N zan ＋ 3an 4 


1 + Bs. E + if +2b+b 15 
* 23 Cn | 3 5 | | Ch e 
* itt 0+ 


and _ a hs Waun A= =a; 3A+B=: 3a 


+6, or 3a+B=3e+6, that is, B=; 2A+B+C 


 =3@+2b+c, or 2a+b+C=3a+2b+c, hence, C= 


a+b+c; allo D=a+b+c+d; therefore the incre- 
ment of the ſum is au +1.1+2+b.n+1+0+b+0.n 


ER 8 


ee and the integral e. Pg TS r 


=p. 


5 3p 
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5 2 2 14 — IF Pe. 1 — 1 


* 


| . ; 20 3 Jen 1 N 604 4 
which rea no correction. 5 555 * 


4 3 1 2 in general it is convenient to redutt an in- 
crement to the products of arithmetical progreſſionals, in 
order to obtain it's integral; yet if a quantity of any other 
form can be found, whoſe increment » coincides with the 


increment propoſed, this quantity, wen rn curretied, 7 
; 75 the integral (Art, 423). 5 — Lo SRL SF | 


Ex. Ip 5 


To find the ſum of terms of te ſeries 5+6 +7 * 

c. „ 

Leet A- Bu. + Cn xc. be oh ſum required; it's 
| Increment is A.n+1 1 1 +B.n+1)* +C.n+1) '+&c, — An 

B= Cn &c. and the increment of the ſum i Is 
allo 153 therefore A+2Br+B+3C0u +3G@+C+ 

&c. = =#+ 65 and by equating the coefficients, C= o, 


2B=1,or 1 . A B=5, or A=2;h hence, the ſam 


gn OY f 
required is 19515 which needs no correction. 


k 


Ex. "<2 


'T; o find the number of ſhot in a pyramidal pile 
upon a ſquare baſe whoſe fide is Known. 


Let # be the number in one ſide of the bat that's u* 
is the number contained in the firſt ſquare ; allo, ſince 
one ſhot in the next ſquare, will lie between every two 
in the e 1-1 is the number contained | in the 

ſide 


* 


* 1 


— — — 
——— — — 1 


— Le — — 
— — 


mr. m ＋ 27. Tur 
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fide of the ſecond. ſquate, and 3 Ts: number in 


that ſquare, &c. therefore the number of ſhot is n*+ 
a=—1 +#=—2 2 . +2" +x* 1 or 17 +35 +1,70- 


Suppoſe Ar- Br + Cus to be the ſam of the ſeries; 


it's increment is A FI L Bak ＋ CAD. e e 
n n; and the inerement ooh the, ſeries. 18 agg 
5 3 therefore ö n er e \ ov NN 


Ap 2 4 B | 


aa; by equating che coefficients, 30 1, or 75 
sches. or B43 cn. r +, = -+4 


= "= 1, hence 45 = ITN and the fam of the ſeries 1 is> ug nol = 


6 


+ —; 5 which requires no correction. 11 An hr + 


Fr ang be aſſumed for this fam of the ſeries, 


it is evident, from the proceſs, that D, and the coeffi- 


cient of every ſucceeding term, vaniſhes. 


Us. #44 
1 : 


432. repreſent an integral, 
: m. mrr. . mn -I. r | 
where Tis le, and m increaſes at every hep by r, it Y 


q — nr FE, ; 1 113 EE 1˙ . 189 
increment FI = — N Ws 
K | wn Fe Fr 711 


'F or, the next value of the integral is 


5 3+ 4 ) 


5 


from which 11 the preceding 


value 
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__ be 2 the eee or increments is 


; la 
— a 
bo oa 0 


— cw | 
m. n Tr. m + Ur. mM 3 1 


43 3. Cor. . Hence, if 


„ e f 


9 1 
ſent an increment, it's infer 18 3 


434 Cor. 2. If the increment be — 


the incegrl is => X - — (Art. 423). 


Mm Tr. m +1 = 1.7 


Thar 1 Is, if an increment can be reduced to che form 


: 5 
m. m Traum x ar_ 
jecking the laſt term in the denominator, and dividin 


by. the number of terms left, and by the common 5 


difference taken negatively. 
This e 1 t beconredted as in Art. 430. 


i 05 1 


Ex. 1. We. 


5 


To find the | fon of n terms ; of the ries _ 


+- N 4 Kc. e 0 N 
bel 2 1723 10 lf 1/7 5.57705 Seil bas 
The m+ ri term, or increment of the ſum, is 
A mo —— 
andhen m= I, the integral 18 7 therefore — 


. Tepre- R 


„ $3 nan Freu Fa TY 


— 
n. *. NT. ar 


> , its integral may be found by re- 


— 


— —— 
= 


5 SOD — - 2 
— __——— RA — - _— — 
1 — 2 2 — — 
© : 


— 


* 
— — —ͤ—7ꝛ˙ CO EI ER an - a l 
* = > — — * — — a —— — 
5 I 


S + ——_— 
— 


r 


= — ——— — ̃ꝰ——s ñͤ TIES 
— 8. = - PR Ce = 
= ae, 0 


— 
—_—_ =. 
— hn =o, oc 


"I - 
— 22 . 3 
a> me. ⁵ . E22 eo 
—ͤů- OS», 


as - AION 


I 
+ C=— . == 
1 1.2.3 5 1 a a | 23 * 4 
. the correct integral, or ſum required, i 


a rr 


— hs _— —— — —— © — —— 5 


7 Ex. >. 


10 and the fur of 'n terms of the ſeries - 23 7 1 
16 + cc. 8 To f © | li | { ' 
EGO. 


— 


The 1+ eg term, or increment of the form, is | 


22 a 


A EIS: — AR EE 


F FETEETY ee 
ee —= ul 2:5 on 1 the” 


1 ＋ 2. 1 ＋3. 114 eee, 
integral or fm = En 6 


3 — e 
* ＋ 2 47 27. 3 


3 


| and when 1 = , the ſum is — ; therefore 


41 the cord integral, or fu required, i is 


: * 1 n "Py L ” ? "9 2 7 & pe 1 : 'L 
£ 2 #4 by * * 3 4 * 5 ; - . P 4 * 1 © * 7 4 * . 1 . _ 4 4 8 


— — — 


—_ — 


; za 3 e | 


Pl & 2 4 . . Ng 1 

g 1 p , * 18 NY X % i : 
r & 4. # | „ 3 : ö . 
x * 5 A 2 1 

* 0 * . | 
. bo! 

* s / a 5 ; 
4 , 3 
if 
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Ex. 3. 
To find che ſum of n terms of hs ſeries Fr + TY 


++ Et ac 
35 


| The increment of the fur 18 r 


nee 
—— . t W ae 


= rr =—_ 


TETEEETES #7 1B TINT n+2.4+3 + 


— —— therefore the ſum bn 
1 T1 1 T2. A3 1 u+2 
— let 11, then — * 7 +C= 
ANTLITE 4D; 2.2.3 


7 bence, 025 5 — 2 = 3, and the ſum 1 re- 


1 
quired 133 — — 
+ +2 | 2.1+1.+2 


Ex. 92 


10 find 5 ſum of 1 terms of the ſeries 2 1 


WS 9 &c. 
3 55 * 


The increment of che ſum IS x 


; affume 
nin; 3 


2 21 I, then 4 increaſes as faſt as u, i. e. it increaſes 


5 -I 


| by x at every & and 
fy a peed 2n+1. r 2V.2U+2 


Vol. . OP | Wy R ; Fo == = 


4 


——————_— 


5 
J 
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wurde. oo. Ls toe —— 
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— 2 ——. —˙ e r e roos 
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Bb: 0 
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1 
HI 
17 
bf 
oF 
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Et. 
q 
0 
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15 
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0 
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8 
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— 55 Ya = 
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» Oo e | - : 
I - — N . — . Eo - bY _ \ 
— 1 9 — = = \ - —_— ook \ - 
——— — <> — oy 4 _— S4 . 22 3 2 = 5 
TS —— —ʒ 1 2 8 Che > == — 5 5 — = 
= - 1 5 w — = =_ 1 = =_ — — 2 — - 
—_— 4 = So X * 1 1 A 
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N 17 
= = hoſe integral is = — AC 
5X rr ole eg is 66 =D 


#C; and when 1=1, we have OT or C= 


1 
tice the ſum required is —. 
2 4u+ 2 


b Thoſe who wiſh to proſecute this ſubject farther, 
may conſult Dr. Waring's Fluxions, Sterling's Sum- 
mation of Series, and Emerlog's n Method of Incre- 
— | 


ON CHANCES. 
435. If an event may jake place in n different ways, 
and each of theſe be equally likely to happen, the proba- 
_ bility iat it will take place in a ſpecified way is properly 
repreſented by © ne cen tainty being repreſented by unity: Or, 


which is the 1 thing, if the value of certainty be unity, 
the value of the 1 that the event will happen 


in a ſpecified Way is = —— 


F or, the ſum of al the probabilities i Is certainty, or 
unity, becauſe the event muſt take place in ſome one 
of the ways, and the probabilities are a ; therefore 


1 each of them is = | 
436. Cor. If che value of exrtainty be a, the value 
of the expectation is © „ But in the following articles: 


N we ſuppoſe the value of certainty to be unity. 
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437. If an event may happen in a ways, and fail 
in b ways, amy of theſe * equally Probable, the 


chance 97 it D happening i 65 I 7» and the chance o i 's 


failing is A. 
| T he chance of it's nin muſt, fromi the 
nature of the ſuppoſition, be to the chance of it's 
failing, as a to h; therefore the chance of it's hap- 
pening :_ chance of it's happening, together with the 
chance of it's failing :: a : a+6; and the event muſt 
either happen or fail, conſequently the chance of it's 
happening together with the chance of it's failing 
18 Ny, hence, the chance of it” 5 happening : 
or az : 4 : a+b; and the chance-of it's happen- 


ing = 
| Als, ſince the chance of it's 3 together 
with the chance of it's falling 1 is certainty, which is 


a b 
repreſented. by unity, 1-37 that 1 IS, 7 pre uf 18 the 
chance od it 8 failing, 

Ex. 1. 


40. The probability of throwing 3 an ace with a a 
fingle die in one trial 1s - 65 the probability of not 


throwing an ace 1s 65; the probability of throwing 


either an ace or a deuce, is £3 KC. 


e,, An | 2 X!ux. 2. 


— —ͤ—ͤ—e — p — — a g 
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Ex. 2. 


439. If; 1 balls a, 5 c p Nc. be chrown promi. 


cuouſly into a bag, and a perſon draw out one of 


them, the probability that it will be 4 is „ - the pro- 


bability that it will be either @ or 5 is 1 


Ex. 3. 
440. The fame: ſuppoſition being made, if two 


balls be drawn out, the wann that theſe will be 


2 
2 and bis ==, 


2 — 1 


— 


For there are u. 7 ! combinations of 1 things taken ; 


two and two together (Art. 230); and each of theſe 


is equally likely to be ent therefore the probability 


that a and b will be taken is r Or 3 


na — 1 


7 = 
Ex. * 


& A 


441. If 6 white od 5 black balls be thrown. pro- 


miſcuouſly into a bag, and a perſon draw out one of 
them, the probability tht this will be a white ball 


is 25 and the probability chat it 5 be a black ball 


4 - p : . ( 
4 l * — 4 q < 6 - 
11 | | i 


442. From the bills of Mortality in different - 
places, ' tables have been conſtructed which ſhew 
Of OM e e | how 


3 
how many perſons, upon an average, out of a cer- 
tain number born, are left at the end of each year, 
to the extremity of life. From ſuch tables, the 


probability of life, under ny propoſed eee. 
1s known, 


Ex. I. 


443. To find the probability that : an individual of 


a given age will live one year. 


4 


Let A be the number, in the tables, of the given 
age, B the number left at the end of the year; then 


18 the probability that the individual will hve one 


: year; 3 and 4- I 6 . probability that he will die 1 


chat time (Art. 437) In Dr. Halley's Tables, out 
of 586 of the age of 22, 579 arrive at the age of 23; 


hence, the probability that an individual aged 22 will 


„ 3 
live one year is 58 86 9 & nearly; and 5860 or 84 


nearly, is the probabilitity that he wall die in that 
| time. 


Ex. 3 


444 To find the aan that an individual of 
a given age will live any number of years. 5 


Let 4 be the number, in the tables, of the given 


age, B, C, D,.. X. the number left at the end of 


2 18 che probability that 


R 3 0 the 


145 3 «++ t, years; then 
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. — On ro eo NE 


— a — 
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P * 
7 
% 


A — — 
— — — — — 


will live f years. Alſo 


r CHANCES, 


the individual will live one your! 3 1 the probability 


that he wil live 2 years; and = the N that he 


45 B A-C Ac P bs g 
DF” Os, 1 4 . are che 


Probabllities that he will die in I, 2, f, years. | 


Theſe concluſions follow immediately from Art. 
437. 


445. F two events be independent of each other, and 


the probability that one will happen be = „and 1 je proba- 
Bility that the other will happen :, the. probability that 


they will both happen 15 g- 


For each of the m ways in which the firſt can hap- 
pen or fail, may be combined with each of the ꝝ ways 


in which the other can happen or fail, and thus form 


m1 combinations, and there is only one in which both 
can e therefore the probability that this will be the 


_ caſe 1 8 — (Art, 435). 


wo Cor. 1 . The. pq that both do not 
happen is 1+ of „or For, the probability 


that they both happen, eber with the probability 
chat they do not both happen is certainty; therefore 
if from unity, the probability that they both happen 

„„ ; be 
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be ſubtracted, the remainder is the n that 
they do not both happen. 


447. Co Cor. 2. 2. The probability that they will both 


fail is 2 — . Fe or the probability that the firſt 


1 will fail 18 5 # and the oy that the ſecond 


will fail is =; therefore the prcbubiliey that they 


TE FFC 
will both fail is —— X ——, or — = 
FVV 1 e 1 


448. Cor. 3. The probability that one will happen 
and the other fail i is — 1 the probability 


that the firſt will happen and the ſecond al is 7 X | 
— the probability that the firſt will fail and 
the nk Bnet 1s x; * 2 3 the ſum of theſe, 


or 8 = 1s the probability that one will happen 


and the other fail. 


449. Cor. 4. If there be any number of indepen- 
dent events, and. the probabilities of their happening 


be =, -, 75 &c. reſpectively, the probability that they 


will all happen is 


ee e For, the Feen that 


| „ Ye 2 CHANCES. 


| the two firſt will happen is 285 and the probability 


_ that he t two firſt and third will happen is = z and 


the ſame proof may be extended to any number of 

events. When m = r xc. the probability is is —, ov. 
being the number of events, | 
|. Fo Ex. 1. 


450. Required the probability of throwing an ace 
and then a deuce with one die. | 


The chance of throwing an ace is 3 0 the chance I 
of throwing deuee i in the focond trial is - 65 3 ; therefore 
the chance 4 both "ES is 36 

Ex. 2. I 
451. If 6 white and 5 black balls be thrown pro- 


. + miſcuouſly into a bag, what is the probability that 


a perſon will draw out firſt a white, and then a A 
black ball ? 


\ 
4 


The probability of drawing a white ball firſt is 2 


5 [ Art. 441), and chis _ * the probability of 
drawing a black ball i is 5 or - 5 becauſe there are 5 
| white and 5 wy balls left; 8 the probability | 
quired i is — X 7 = . Or we may reaſon thus; 
7 unleſs 
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unleſs the perſon draws a white ball firſt, the whole is 
at an end; therefore the probability that he will have 


a chance of drawing, a black ball is Wi and when he 
has this chance, the probability of it's ſucceeding i is 
| 4, or 5 therefore the probability that both theſe 


op 
: events will take place 1s || a X _, or 4 . 


„ 
452. The ſame ſuppoſition being made, what is 


the chance of drawing a white bal and then two 
black balls? | 


The en of W a white ball an 18 | 
p 4 one is = 3 (Art. 451); when theſe two are 


removed, 8 are 5 white and 4 black balls left; 
and the pai of drawing a black ball, out of 


—— 


theſe, 15 50 therefore the e required Is 5 


11 
4 = 5.0 
* 


Ex. 4 4 


453. Required the 3 of throwing an a 
with A Hinge die, in two trials, | 


The chance of filing n the firſt time is Z, and the 


chance of failing the next is = 4 2; ; therefor the FIRED of 


failing 
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failing twice — 18 857 and the Chance | of hot " 


8 
3 


Eüung both times is 1 — 35 


| | . | Ex. Ho 


454. In how many trials may a perſon under- 
take, for an even wager, to throw an ace with a 
ſingle die? 


Loet x be the number of trials; then, as in the laſt 


* * — ods 4 —— N — » rar * — nn ® mee 
— _—— — — - 


Art. the chance of faling x times together i 1s = 50 A , and 


—— —— 222 — 


this by the CO, 1s equal to the chance of jappen 


ing, or =: hence * * log. 6 2 = = log. = 2 Or * N 


log. 1 — log. 2 
log. 5 — log. 6 © 

log. 2. 
F , fince log. I =0; i. e. * 3.8, nearly. 


log. 5 —log.6 =Jog.1 — 3 andæ 


: 2 1 


455. To find the probability that two individuals, 
P and 9, whoſe ages are known, will live a year. 
Let the probability _ P will live a year, deter- 


| mined by Art. 443) be 25 and the probability tua 


Q will live a year, 2 then the probability that they 


will both be alive at the end of that time is — i x7 . 


| Of. 
| Vn 


Ex. 7 


CHANCES. — 


Ex. 7. 


4 86. To find the probability that one of them, at 
leaſt, will be alive at the end of any number of years. 


The probability that P will die in a year is , 


and the probability that A will die 18 5 therefore 


the probability that they wal both die 823 


Mit © 


3 


and the probability that they will not both die is 1 = 


M—IN—I 1 | 
ren 5 or ———. 
| a mn 


In the ſame manner, if : be the probability that P 


Vill live? years, and a the probability that Q will live 
the fame time (Art. 444); the probability that one of 
them, at leaſt, will be alive at the end of the time is 
FFF 
„ „ 
457. If the probability of an event's happening i in 


one trial be repreſented by — — 5 (Art. 437), to find 


the probability of it's 828 once, twice, three 
times, &c. exactly, in z trials. 


T he e of it's IRR OY in any one parti- 


cular trial being 77 21 the Oy of it's failing 


in all the other #= 1 trials is —— (Arts. 43). 
in e other 1 1 trials is — (Arts. 437 


449), 


— — by n — — — — r err rern 1 N — — * — _ * — 
8 : N ' j 8 2 = 8 2 — — — — 5 e ” CE iy L 
5 — — e . > 2 
2 ; — — we 8 <> — = 2 - ip EN Fer Ep. ORG CIR, — 
2 98 —— —— — — * N — — my . — gr IO — — — — Y ts «Li 
ee ee ed LEES - => - a - « - 1 — —— 6 0" þ 
o = ry - = > — = - — 
3 — 8 — — — — — - a1 > . -p—_— 0 l - 7 - 
2 22 1 1 = . SR K P ora eee —— — . gan wot 6 N 4 g N 
— 1 = = =" AS —— — — — ac 229 oe, + _ A 3 PR - Y 
5s Ons — — = — 8 — — _— WOE PU RON — —_— 
l = * 8 * 2 _—_— _— 9% r 2 — 99 2 — bo - 
unn. 


—— eo iyins CHA re al a ns 
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440); thereſore the probability of it's happening 3 in 


one particular trial, and failing in the reft, is SP 
2 bs a 


and fince there are » trials, the probability that 1 it will 


happen in {ome one of theſe, and fail in the reſt, is 4 


nab" 


times as oreat, Or The robabilit of it 5 
8 N P! * 


happening 1 in any two particular trials, and falling i in 


ll the reſt, Core d chen e iD in 
all the reſ dare and there are 1 ways in 


: which i it may happen twice in 1 trials and fail in all the 


reſt (Art. 230); therefore the probability that it 


| ne RE 
will h T twice in u trials is — — In th 
ill happen twice 1 Ty is — n the 
lame manner, the probability of it's happening eh ö 


three times is —— —; and the probability 


of it's happening exactly ? times is 


„—1 2 224 es. 
» 2 1155 Bl t 
„ 3 | - 3 — 
2 TN 


458. Cor. 1. The probability of the . event's 


failing exactly 7 times in 2 trials my be ſhewn, 


in the ſame way, to be 
112-2 n=t+1 3 


A. n 


— 


- =p 


y 3 


459, Cor. 2 2. The probability of the event”s s haps 
pening | 


| CHANCES. ©. 
pening at. * t times in # trials is 


eb. Da-. „ 0 1171 terms 


K* * "0" 
= 
— 


hs ; = 
For if it happen every time, or fail only once, 
twice, . . times, it happens ? times; therefore 
the whole probability of it's happening at leaſt ? times, 
is the ſum of the probabilities of it's 1 every 
time, of failing only once, twice, . times; 
and the ſum of theſe probabilities is 


eb ek 4 to 4 +1 terms 


WET 
. 


| 460. What is the probability of As} an ace, 
twice, at leaſt, in three trials, with a ſingle die? 


In this caſe, . nne 5 b=5; and the pro- 


* — 


143. 5 _ 1 2 
bability MW. is 6. THE Sm Ti Th 
Ex. 5 


. What is the probability that out of five in- 


dividuals of a given age, three, at leaſt, will * in a 
given time? 


Let be the bebe that any one of them will 


FO in 3 given time (Art. 444); then we have given 

the probability of an event's happening in one in- 
ſtance, to find the rota of 1 it's happening three 
times in five inſtances. 


* 


—— — 
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In this caſe, a=1, b=m=— 1, 1g, 1 =33 therefore | 


+5m—1+10m—iN 


the N N is — a 


mz 


SscHoLIUA. 


462. Much more might be ſaid on a ſubject fo ex, 
tenſive as the doctrine oſ chances; the Learner will 
however find the principal grounds of calculation in 
the 435, 437, 445, 457, and 459 Arts. and if he 


wiſh for farther information, he may conſult De 


Moivre's work on this ſubject. It may not be im- 
proper to caution him againſt applying principles 
which, on the firſt view, may appear ſelf-evident, as 


there is no ſubject in which he will be ſo likely to 
miſtake as in the calculation of probabilities. A 
ſingle inſtance will ſhew the danger of forming a haſty 


judgment, even in the moſt ſimple caſe. Les pro- 
bability of throwing an ace with one Ke 1s 2, and 


ſince there is an equal probability of throwing an ace 
in the ſecond trial, it might be ſuppoſed that the 


probability of throwing an ace in two trials is 2. © 


6 
This is not” a juſt concluſion (Art. 453); for, it 


would follow, by the ſame mode of reaſoning, that 


in fix trials a perſon could not fail to throw an ace. 
The error, which is not eaſily ſeen, ariſes from a 
tacit ſuppoſition that there muſt neceſſarily be a 


ſecond trial, which is not the caſe if an ace be thrown' 


in the firſt. 


/ 
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ON LIFE ANNUITIES. 


oi 3. 7 0 find the preſent value of an annuity of il. % 
be continued during the - life of an individual of a given 
e age, allowing compound, ntereſt for the money. 


Let 7 be the amount of 1 in one year ; ; A the 
number of perſons, in the tables, of the given age; 
, C, D. &c, the number left at the end 0. 1. 2, 3» 


Ke. years (Art. 442); then > 1s the value of the ſe 


1 C1). . he 
for one year, 4 7 &c. it's value for 2, 3, &c. 


years; and the ſeries muſt be continued to the end 
of the tables. Now the 29 155 value of 1 to be paid 


at the end of one year is - = (Art. 400); but it is only to 


be paid on gs the le is alive at * 


end of the year, of which event the probability i is — _ 
therefore the Preſent value of the conditional annuity | 


is 1 (Art, 436, ); in the fame manner, the preſent 


value of the ſecond year” 8 annuity is So ; the pre- 
ſent value of the third years annuity is 75 Kc. there- 
* 227 5 40 


fore the whole value required | Is — 


to the end of the tables. 


A 


464. De 


q 7 % ö LIFE” ANNUITIES. 


| 464. De Moivre ſuppoſes, that out of eighty-ſix 
| perſons born, one dies every year, till they are all 
extinct. 


. This ſuppoſition is. ſufficiently WY if our calcu- 
= lations be made for any age above ten, as will appear 
from an inſpection of the tables; and on this ſuppo- 


ſition, the ſum of the . & * B F 4 * e. 


1 


may be found. 


Let ꝝ be the number of years which any individual 
wants of 86; then will » be the number of perſons 


living, of that age, out of which one dies every year; 
—1 12 t=3 


. p „ &c. will be the probabilities of 


7 
his living I, 2, 3, &c. years; hence, the ener * 


of an annuity of I 4 to be paid during his life is is = —— = + 


n—2 n= 
2 a” + &c. continued to 77 terms. The hs 


qQy— 


71 cm 3 
of the ſeries = 1 . oo v3 2 


to # terms, 


— 


— 1. * — K 


"> % WE 5 
AF = | 


was found Art, 416, Ex. 3. to be * 


3332020 „ t #2. 
let * , and the ſum of the ſeries, — : + ' + 


4 | . ag » 1908 wk 


— + &c. to u terms, iI ; the pt. 
1. 1 — 1 


ſent value of the annuity. 
. 465. Cor. x. 


— 
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46 5. Cor 1. This neee for the ſum is the 


| 7 f 1 
— * 7 —1 1 


8 ac 3 
e with N ie or g N 
Pp be the preſent value of an annuity of if to continue 


I 
„„ 
certain for 1 years, ; then PE. — — (Art. 494); and 
| | 7. 1 e . 
1 
the expreſſion becomes __©_. 
11 


466. Cor. 2. The preſent FOR of the annuity to 
continue for ever, from the death of the propoſed 


| rP 
individual, 6 
| Ar—1 


For, the whole preſent value of the annuity to con- 
1 1 
| tinue for ever, is os (Art. 406); and if from this, 


It's value for the life of the individual be taken, the 


rP 


' remainder is the preſent value of the annuity to 
ET 


; continue for ever, from the time of his death. 


467. To 1 the preſent value of an annuity of 10 
to be paid as lung as twe Jones aan are both 
living. $+.- 3 | 


Find, by Art. 455, the nts that they will 

both be alive at the end of 1, 2, 3, &c. years, to the 
end of the tables; call theſe probabilities a, % c, &e, | 

Vor. J. 1 "and 
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5 C00 . 
and v the amount of 14 in one year; then EP. 


5 + &c. is the preſent value of the annvity required. 
(Vid. Art. 463). | 


468. To 1 tie preſent value of an annuity 97 mn 
to be paid as long as either 7 two o ſpecified individuals 


15 living. 


Find, by Art. 4 6, the probability that they will 
not both be extinct in 1, 2, 3, &c. years, to the 


end of the tables, and call theſe probabilities A, B. C, 
&c. then the preſent value of the annuity is 4 


+ 6 + &c. (Vid. Art. 463). 


1 


469. Cor. If the annuity be ML, the preſent value 
is M times as great as in the former caſe, or M * 


F"Y 
BY: 5 ＋ Ke 


470. Theſe are the mathemarical principles on 
which the values of annuities for lives are calculated, 
and the reaſoning may eafily be applied to every pro- 
poled caſe. But in practice, theſe calculations, as 
they require the combination of every year of each 
life with the correſponding years of every other life 
concerned in the queſtion, will be found extremely 
laborious, and other methods muſt be adopted 

bib een when 
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when expedition is required. Writers on the ſub- 
ject, are De Moivre, Mr. Baron Maſeres, Mr. Mor- 
gan in the Philoſophical Tranſactions, and Dr. 
Waring. 5 15 
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ELEMENTS OF ALGEBRA. 


PART IV. 


ON THE APPLICATION OF ALGEBRA 
10 GEOMETRY. 


471. TEE hens cls _ wy in 3 e 


lations being general, the concluſions ob- 5 
tained by their aſſiſtance are univerſal, and may with 


great eaſe and convenience be transferred from ab- 
ſtract magnitudes to every claſs of particular quan- 


tities; thus, tlie relation of lines, ſurfaces or ſolids, 
may generally be deduced from the principles of 
Algebra, and many properties of theſe quantities diſ- 
covered, which could not have been derived from 
principles purely geometrical. | 


472. $ imple al pebraical quantities, their produtts, 
prevers, 8 Sie. ma may be repreſented by lines. 
C Any 


, 


— 
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Any line AB, may be taken at pleaſure to repre- 
"ii one quantity a, but if we have a ſecond quantity 
b, to repreſent, we muſt take a line which has to the 
former line, the lame ratio that 5 has to 2. 


Inſtead of ſaying AB repreſents a, we may ay 
. AB=a, ſuppoſing AB to contain as many linear units 
as 4 contains numeral ones. | 0 


473. When a ſeries of 3 quantities is 10 
be repreſented on one line, and each of them meaſured 
from the ſame point, the poſitive quantities being repre- 
ſented by lines taken in one direction, the negative 


quantities muſt be een by lines taken in the Pp bo- 
# te direction. | 


Let a be the greateſt of hel quantities, then a=x 
may, by the variation of x, become equal to each of 
them in ſucceſſion. Let AB be the given line, and 4 
the point from which the quantities are to be meaſured; 


D 4. 8 

take AB= a; and 8 42 mak be 3 from 
A, BD muſt be taken in the contrary direction x, 
then AD=a—x; and that 2 & may ſucceſſively 
coincide with each quantity in the ſeries, beginning 
with the greateſt poſitive quantity, x muſt increaſe; 


therefore BD, which 1s equal to x, muſt increaſe; and 
when x is greater than a, BD is greater than AB, 


and AD, which repreſents the negative quantity a— x, 
lies in the oppoſite direction from 4. 
474. Cor. 1. If the algebraical value of a Kine be 


found to be negative, the line muſt be meaſured in a 
. 8 57 direction 


be the number of ſuperficial units contained in the 
| : | | Area. 


9 | APPLICATION OF ALGEBRA 


direction 0 to that which, in the + invefigaton, 
we ſuppoſed to be poſitive. . Ft + 


47 5. Cor. 2. If quantities be mesſuted upon a line 


from it's interſection with another, the poſitive quan- 
tities being taken in one direction, the negative uw 5 


tities muſt be taken in the other. 
476. If a fourth proportional, to e tepreſcuting 


0 p, q, r be taken, it will repreſent — 5 ; and if =, it 


will _— ar; J; if alſo, 7 and be equal, it will 
repreſent . 


477. K mean proportional between lines repre- 
ſenting 4 and þ be taken, it will repreſent Hab, 
which, when a =I, becomes \/ 5. Hence it appears, 


that any poſſible algebraical quantities may be repre- 


ſented by lines; and converſely, lines may be ex- 


preſſed algebraically; ; and If the relations of the alge- 


braical quantities be known, the relations of the lines 
are known, 


487. The relations of ſurface to each other 1 may be 
expreſſed algebraically. 


Let the ſides AB, AC of the rectangle AD con- 
tain the linear units a, & reſpectively; then ab will 


þ 


5 
| 


£ 
. _— 2 1 


10 GEOMETRY, „„ 


area. For, every unit in AB, or a, has F units in the 
area, correſponding to it; conſequently there are, upon 
the whole, a+ units in the area. Thus 46 is a proper 
repreſentation of the rectangle AD; and by reducing 
other ſurfaces, to rectangles, their algebraical values 
may be found. 9 85 

Cor. 1 the product of the two quantifies a 
and þ, is often called their rectangle; and when þ is 
equal to a, this product is called the /quare of a. 
479. In the ſame manner, if a, b, c repreſent the 
linear units in the three ſides of a rectangular paralle- 
lepiped, abc will be the number of folid units con- 
tained in the figure; and conſequently ſolids may. be 
compared, by comparing their algebraical values. 
480. If the line PM move parallel to itfelf upon 
the indefinite line AP, and at the ſame time 3 : 
or decreaſe, the point M will trace out a ſtraight line 
or a curve. AP 1s called the ai, and P the 
ordinate; and the ſtraight line or curve is ſaid to be 
the locus of the point M. 

The nature of the curve depends upon the relation 
of AP to PM; and this relation, when expreſſed alge- 
braically, is called the equation to the Curve. 


481. Having given the nature, or conſfruction 7 the 
curve, it's equation may be found, 


Let BM be a firaight line cutting AP in a given 


urn oF CURVES. 


TH als at B, the relation of 4 P to "1 is eee * 
a ſimple equation. 5 


Suppoſe AP=x, pat 45 =a; then fince' the 
angles at B, P and M are invariable, B P bears an 
in Ariabde ratio to PM, let this be the ratio of - : c 
Then fince BP=AP— ABN a, we have * — 4 
* 1 0. and by=ex — ca, or by — cx +ca= o. 


i Cor. A ſimple equation belongs to a ſtraight 
line; becauſe, by altering the values of b, c, and a, 
and taking x and a, poſitive or negative, as the caſe 
requires, the equation þy—cx+ca=o0 may be made 
to coincide with any ee ſimple — 


48: 3. To \fud the equation to the Parabvla. 


Let a point s be taken without the right line CB, 
| * let the indefinite line S M revolve about the point 


$ in the Fe SBC. alt let cM. which ü is perpen- 
8 bo, CB, cut SM in M; then, if SM be always 


. equal 


— f 
1 
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Ws aa to CM, the locus of the point Mis a parabola. 


Through $ draw B; S at right angles to CB, and if 
$ B be biſected in 4, the curve will paſs through A, 
as appears by the conſtruction; draw MP verpoudi- 
* cular to BP, and let AP=x, PM=y, AS=a; then 
SP + PM*=(SM*=CM*=)BP*, or * + 
=x+8*; that is, x. > 20% +0 + =x*+2ax +, 
or *=44x. 


4884. To 2 the equation to rhe Ellipſe. | 


Let two indefinite lines 5 M, HM, revolve, ina 
: given Plone, about the * S, H, and cut each 


other in IE in ſoch a manner r that SM+ ME may 
be an invariable quantity; then the locus of the point 
M is an ellipſe. by, | 


Biſect SH in C, and from M N MP perpendicular 


to SH, or SH produced; let CP=x, PM=y, CS=r, 


SM+ MH=24. Then V SP*+PM*=SM, and 
FTP Hu, therefore e e. + 


V HP+PM*= SM + MH, or V 7=+ + + 


V To x0 +1 + =24; hence; vV 8 224 hs 


* . + N and {quaring both Ales, c. 20x * + 
| =44" 


— — — 
— 
TY 
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=46 *— 44 N V 4" +5 * ear + i that 
| Is, by tranſpoſition, 4a +ACK = = 4a N, , Or. 
4 TC N a and again ſquaring both 
ſides, e 2a" 04 +6x"+&y*, or 
CEE SET ANN let 4. — "= ene = 


4. b ber., „ee. DO,” 


48 5. Cor. 1. If $ and H coincide, co; hence 
'=b, and * = A, the equation to a circle. 


486. Cor. 2. When x= +8, or 4, then y=9; 
therefore taking CA = D Sa, the curve panes . | 
| 4 and D. 


487. Cor. z. If AP= =2, then xX=4a—2; therefore 
þ* 
FF e 4 T = IN the equa- 


tion which e the while between AP and 
PM. > 


488. Cor, 4. If AS be finite, and SFM + MH be 
indefinitely increaſed, the limit to which the curve ap- 
proaches is, at all finite diſtances from &, a parabola. 

In this caſe 2“ vaniſhes when compared with 243 
therefore the limit to which the equation approaches 


= X 242, alſo, Þ = =. eee and 
fince the difference Cs a and c is finite and a 


_— infinite, a+c is een equal to 24; hence, 


.b F=2aX AS; therefore * == KD, 242 448 N 23 


we equation to the parabola, e, EL LL I, 16 
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489. To Tet the equation to the Hyperbola 


Let two indefinite Bons SM, H M revolve, in a 
given plane, about the points $, H, and cut each 


other in M, in ſuch a manner that HM- SM may 
be a given quantity; then che locus of the point M 12 
is an Hyperbola. 


Biſect SH in C, and draw MP 8 to 
Us, or HS produces; let CP=x, PM=y, SC=rc, 
H S M= 24. Then by proceeding as in Art. 


484, Vx + FA +5 — Vr ch ＋ * 2a, and 4. 
= x* ; in this ſcaſe 2c is greater than 2a 
(Euc. 20. 1.), let therefore l' g= A., then 4% = 


2 


— 4˙¹⁰, or * 7 * *. 4. 


490. | Cor. . | The equation 1 to the Ellipſe, Px 


a, becomes the equation to the Hyperbola 95 
be pole to be negative. | 


491. cor. a 2. . The equation 7 Wo N * may be 


% 


— 


conſidered 8 


A NATURE O F CURVES. | 


conſidered ns the equation to any conic ſection: it is ' 

the equation to an Ellipſe, when 3? is poſitive; to a 

Parabola, when #* is infinite (Art. 488); and to an 
. 5c when &* is negative. 


492. Cor. 3. If SM HM 2a, 1 0 | 
and equal-to the former, will be traced out, which is 
called the oppoſite H yperbola, 


493. Cor. 4. If x= = 4, then y=0; therefore 
taking CA=CD=6, the curve 9 TOO A 
and D. I 


494. Cor. 5. If 4b dit CP, or #=2+a, 
and * = a =2* + 2a hence, 9 == X 2*+242, the 
equation which expreſſes the . between 4 and 
PM. 1 
49 5. Cor. 6. In the oppoſite een * S a; 


2 


3 
therefore 2 —4 a 22 2az, and * K 25. 


496. 7 0 find the equation to the Ciffoid of Diocles. 
Let AB be the diameter 55 a ſemicircle AN B; 


from the points R 55 4 taken een at 7 5 


diſtances 


BY 
| 


| 
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diſtances from A and B, draw. RN, PM, at right 
angles to AB, and join AN meeting PM in M; 
the point M will trace out a curve called the Ciſſoid of 


Diocles. 


From the nature of the circle, IR RB RN. 
and by the conſtruction, AR x RB PBX AP; alſo 


from the at gra A PM, ARN, AP: PM :: 


_PBXPM 
and i O . therefore PBX 


AP* 


PA. Let AB=b, AP=x, PM=y; then | 


b-xXy* =, the equation required. 
497. To find t the 8 to the Conchoid af Nico- 


I ; 


Let ABbe a line given in poſition, and about any 
point C; taken without it, let the indefinite line CM 


revolve, and cut AB in E; then if EM be taken 
always of the ſame length, the point M vill trace out 
a curve which is called the Conchoid of Nicomedes. 


Draw CAD and MP at right angles to AB, and MF 
parallel to it; let CA, AD = EM = b, AP x, 


PM=y, Then from the ſimilar ha: CFM. 


EE - — — — — _ roy r 
n th = 1 — - — 3 = - 1 


2 =; a — " — 8 — — — — — — — 
2 2 : — n 5 8 _ 4 as 
=_ rr 


1 


N E, ( FM (9): : MP 00 E= 2 


3 2 


N — . — p FO" 4 ts, . 6 <a a7 
2 — 
a * = 
1 
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T6 


and EM*=EP' + PM, that is, Fan's, 


| a+) RY: 
therefore a + XP =xt y*+a + X *, or a+)* X 
Nx * „the erred to the curve. | 


498. To find the equation to the Logarithmic Curve, 


If in the indefinite line AE, we take AB, BC, 
CD, &c. always equal to each other, and ordinates 


R 


AF, BG, CH, DI, &c. be drawn at right angles 


to AE, and in geometrical progreſſion, the curve 


 FGHI &c. which paſſes through their extremities is 


called the Logarithmic Curve. . From the nature of 
logarithms (Art. 387), any abſciſſa AC is the loga- 


rithm of the correſponding ordinate CH, in a ſyſtem 


which depends upon the magnitude of AF and BG, 


| ſuppoſing AB given; in the ſame ſyſtem, let 1 be the 


logarithm of a, alſo let AC=x, CH=y;.then *= 


log. y, and 1 =log. a, or * & N log. a; therefore log. 


4=xXlog. a=log. 4 3 y,, the equation to 
the curve. | 


* 


499. Having | 
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499, Having given the relation between one abſciſſa 
CP, and ordinate PM, in a curve, to find the relation | 


between the ahi A $9, which is ts from a given x 
point S in a given direction, and the Or diate "ROS! which j 
bs inclined to PM at a given angle, 


- Spade PM perpendicular to CP; produce M2. 

md DPC till they meet in G, draw SB, S D, SF, 
reſpectively parallel to MG, MP, DC; and let fin. . 

KS Ep, ſin. CSK E, or Mx =m, ſin. C KM9 =q, 

fin. MM = n, fin. LMFE, or MGP=s, to rad. 1; 
SB = FG=4, DC f. CP = 5 e * * 

M= v. . 9 


Then in the eule 5 QF, $2 


72 
8 
| 
94 


hence, oed +9; md iff 


_ the triangle MGP, I 1 55 22 4 Kos t 


of 


: Alſo, in the crangle MER, m m: * 105 : L=xg, and. 155 


SKS. r- 4p, | in the ial SEE, 


1 
4 
i' 
1 
— 
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1 Nn: ee mz — gv= Me Dp, bebe. Fr qv 


=f—mz+qv=CD=x; aud if the values of x and 
y be ſubſtituted in the equation which repreſents the 
relation of CP to PM, an equation is obtained which 


_ repreſents the relation of Sto QM: 


500. Cor. 1. Since the values of x and y are repre- 
ſented in ſimple terms of z and v, the equation to the 
curve will riſe to the ſame number of dimenſions, 

whatever abſciſſa and ordinate : are taken. 


1 


501. Cor. 2. From the principles of rrigonometry 
it appears, that n, n, and s may be found in terms of 
p and q; therefore in the values of x and y, before 
obtained, there are only four independent invariable | 
quantities d. f, P and q. wean We AE; 


1 


502. Cor. 3. If the curve be a conic ſe&tion whoſe | 
center is C and axis CP, then 4 7 * =Þ* x A * (Art. 


491), and ſubſtituting for x and y their Wk we 
have a. d T R . n Fd, or ar- 


; ranging the terms. according to the 204 ons of v, 
fa) * + 25 1 2 2 


nb. 2 hdd. 35 2+ a = 
4 fe @ | 2 ad | —Þ x7" * 


503. Cor. 4. The equation: obtained in the laſt 
article may be made to coincide with any equation of 
two dimenſions Av* + Bzv+Cv+ D2* + Ez+ F =o, 
by equating the coefficients of the correſpanding terms; . 
| becauſe we ſhall have ſix equations to determine the | 


fix 


NATURE OF CURVES. ; 289 


i e quantities, 4, &, a, f, 24 Hence 
it follows, that every equation of two Ae 8 
8 to ſome conic 3 


60. Habix given 1. equation which expreſſes the 


relation between the elle on T_—_ the rw Oy 


Ve Ms 


we 


For, any abſciſl kin . the correſponding 
values of the ordinate are known from the equation; 


and thus, by aſſuming different values of the — 


the curve may be traced, out. 


50 3. Ex. 1. If ay=bx+cd be the nopoles equa- 
tion, it belongs to a right line (Art. 482). Let the 
abſciſſa be meaſured from the point 4 — the line : 


4B; then, when x=0, we have y= - from 4, 
therefore, draw AC making a finite angle with 4 B, 
and equal to 5 and the line which belongs to the pro- 
| poſed equation | maſh pak through C. Alſo, if y=v, then 
5 , rake therefore upon the line ADP, AD= 
| 7 


, and t the line to which the e ion belongs muſt 


pak through D; therefore DCM's that line. 
,, on 2 Cor. 


U 


* | NATURE br coares. 


Job. Gori If AP. be taken to repreſent any value 
a of x, and the ordinate PM be drawn parallel to AC, 
P M will repreſent the correſponding value of 5. 


507. Ex. 2. Let the equation to the curve 7 
ar then, when x=0, we have y=0, or the 
curve paſſes through 4; when 1s poſitive, J= = 


ns 4, and when x1 is infinite, theſe values are til 8 


ſible; therefore the curve has two infinite arcs lying the 
ſame way from 4; but when x is negative, y be- 
comes up; therefore no part of the curve lies 
the other way. | 


508. Ex. 3. Let the 8 to 116 curve be 1 — — ab; 
chen when x is indefinitely ſmall y is indefinitely great, 
and when x is poſitive and indefinitely great, y is poſitive 
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and indefiuiity. ſmall ; therefore the curve will have 


10 two infinite arcs between the lines AE and AB; alſo, 


when x is negative, A is negative, and when infinite, 
y is infinitely ſmall, and when & is infinitely ſmall »; " 


infinitely great; therefore the curve will have two in- 
finite arcs between Ab and AF. 


- Theſe lines EF, Bb, which continually approach 
bis the curve, and whoſe diſtances from it become, 
at length, lefs than any that can be aſſigned, but 


_ which produced ever fo far do not meet Ms are 
called Apmptetes. 


Yo Ex. 4. Let * — ax ey, then y = = 


V. a =p : and when x Is ; nothing, 7 is nothing, « or 


the tare paſſes through . 4, the point 1 wk x. 

is meaſured When = a, then y=0; therefore 
the curve paſſes through B, and b, ſuppoſing 45 
Ab= Rad; but if x be greater than a, Y becomes 
impoſible; herefars no pan of the curve A . | 
H or 6, 


510. Ex. 55 To end the conic ien to o which 
any propoſed quadratic equation belongs. 


Let a +b+ery+dbex+foif =0, a general equa- 
tion of two as be the propoſed quadranie; 
, 4.01 | T2 _ then 


292 NATURE or evnvxs! 


b ber, Xy= _4 122 . ; and completing the 


then + 


ſquare, 


2 


4a 
. 17 227 x. 46d 
4 


Co _P4abex + . afe 


and extrating 
+238 = 


Cr EE +2be= 212 4 


1 7 7 | — 5 or ys 
e EE 7 yr: . 2. 


1 1 If fn — * be poſitive, when BE is infinite 
y has four poſſible values; therefore the curve has four 
infinite arcs, or it is the hyperbola. 


2. H. * — gaf =0, the curve has only two infinite 
arcs, becauſe when 2bc— Aae. x becomes negative and 
greater than * 4ad, the values of y are impoſſible ; 
and the curve is a parabola. But if 2b; — 4ae be alſo 


So, then y=—— 3 . 2 * therefore the 


28 
curve becomes a right . 


3. If - of be negative, the curve ay no 1 
arc, for when = x is infinite, the values of y are im- 
Fa ; hence the curve 18 an ellipſe. 


4. If 4 be negative, 2 be- 4ae=0, and Þ — 
ly be alſo o, or negative, all the values of y are 
impoſſible; in this caſe the + let _ vaniſhes. 


ON 


— 7 


4 op ral ny heh or oy — rut rr — 8 a> „ * 
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A 


ON THE CONSTRUCTION or 
_ EQUATIONS. 


511. The W between the abſciſſa a6 ordi- 
nate of a conic ſection is expreſſed by a quadratic 
equation, in which, for every different value of the 
abſciſſa, there are two correſponding values of the 
ordinate, and if the abſciſſa be ſo drawn, and the 
cConic ſection fo conſtructed, that it's equation may 
coincide with a propoſed quadratic, the two ordinates 
will be the roots of that quadratic, which may be 
determined to a tolerable degree of Oy by actual 
meaſurement. 


Let MCM be a circle (a Cain more (ally de- 
| Fs than any other conic ſection) whoſe center is 


($2 A and radius AM; take AP an abſcifla, PM an ordi- 


nate meeting the circle i in M and M; Join AM, and 


| a MB at right angles to AP; let do P M= =), 


AM=r, and the coſine of the angle APM (to the ra- | 


fn 7) e chen 1: r PM: e 1 
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AM = AP" + PR, 2APX BP, orr y ties, 


that is, *—2cxy+x*—r=0; which equation may 
be made to coincide with any propoſed TOE 


Ex. Let the roots of the equation . e be 


required. 


Here 20x p, ad” * 1 45 and übe there are 


three undetermined quantities c; x, and r, and only | 
two conditions to be anſwered, one of theſe quanti- 
ties may be aſſumed, of any finite N at plea- 


ſure: Gowns C=1, wen =, = e and 
4 : 


| * . b. nnd fince the coſine of the LAPM= 
radius, P M coincides with P AD; let therefore a 


; circle be deſerithd with the radius VE 3 cutting 


| the line DAP in D and C; take AP= 2 =P the 
roots of the equation are PC and PD. : 


$12, The interſections of two conic ſections may 


be determined by a biquadratic equation, and if the 
figures beſo drawn that this biquadratic coincides with 
a propoſed biquadratic, the roots of the latter equa- 
tion may be found by meaſuring the ordinates which 
determine the points of interſect ion. 5 


Let III be a parabola whoſe axis is AP, 


. MM M M a circle whoſe center is C and radius CM, 
aue the parabola in the points N. . M, M. 


1 from 


F 
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from theſe points draw the ordinates to the axis, MP, 


mm 


5 MP, MP, MP, and from C draw 0 D perpendicular 
to the axis, and CN parallel to it, meeting PM in 
N. Let AD=a, DC=6b, CM, the parameter of 
the parabola = p, AP=x, PM=y; then px=y*; 
allo CM*=CN*+ NM, or * N = =, i.e. 
era ＋ * — 2by+6*=n*; and ſubſtiruting for 
* it 8 value 5, and arranging the terms according yu 


to the dimenſions of Y, we obtain * - Py » 
2bpy+PX#+8& , a biquadratic equation 
| whoſe roots are PM, PM, PM, and PM, and which 


may be made to coincide with any propoſed biqua- 
OW whoſe ſecond term is wanting. | 


Ex. Let the roots of che b 9 v * +15 — os 
=o be OUTS. 


| Adem p=1zthen: 24 — 12 eee, 3 — - 2b=r, or 


Wy | _-r 1 | | 6 is 2 
b==—; 4 ＋ * - >, or of =4 * and con- 


TA oe fequently 
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ſequently n= FF Fe; deſcribe a parabola whoſe 
parameter is I, and in the axis take 4 DEU; ; dray Z 


DC at right angles to it, 105 ==; from the center C, 


with the radius vi a* + * «x 5, deſeribe the circle . 


I. 


MMMM cutting the parabola i in the points M, M, : 
MV, M, M, then the ordinates to the axis PM, PM, ÞM, M, 


HI 1 
and PM are the roots ſought. 


513. When De repreſents a negative quantity 
* ordinates on the ſame ſide of the axis with C 
repreſent the negative roots of he aten and the 


OT 


514. Cor. 1. If ws circle touch the parabola, two 
roots of the equation are equal; if it cut it only in 
two points, or touch it in one, two roots are impoſ- 
ſible; and if the circle fall wholly. within or without 
the Panhals, all the roots are impoſſible, 


515. Cor. 2. If #+#=#, or the circle paſs 
through the point 4, the laft term of the equation 
P X#+# —i =0; therefore ms 2p Ss. N — 2bp'y 
So, or = 2p P. y- 2b o; a cubic equation, 
which may be made to coincide with any propoſed 


cubic wanting the ſecond term, and the ordinates 
It 


. pa, P. 111 
PM, PM, PM are it s roots, 
516. Cor. 3. If B+Þ — i 205 and alſo Þ= So, the 


eee e 


equation becomes y* — 2pa—p*=0; by means of which 
0 * wanting the ſecond term, may be 
| ſolved, 
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ſolved. In this caſe the circle paſſes e the” 
vertex of the . and it's center falls in the 
axis. | | | 

I Theſe folutions may be ad and nearly i in 
the ſame manner, by means of any two of the conic 
ſections. 


517. If the roots of a ie *r O 

be poſſible, they may be found by means 82 a table 
of coſines. | 
Let DAG be an 3 who coſine, to the be | 


m, is x; in AD take AB= =m, from B as a center, with 
the radius BA, deſcribe a circle cutting AM in C, and 


from C, with the ſame radius, deſcribe a circle cutting 
_ AD in D; join BC, CD, and draw BK, DM at 
right angles to AM, and CL at right angles to 4D. 


Then, the triangles BAC and BCD being ifoſceles, the, * 


angles BAC and BCA are equal, as alſo CBD and CDB; _ 
and the perpendiculars BK, CL biſe& the baſes 40, 
BD. Alſo L DBC= LBAC+ 4 BCA=24 BAC, 


8 DSM CAD YZC DAL CADYT TCD 


= £ CAD T2404 D 232 CAD. Let CM, the 
N of DCM to the radius m, be called c; then, 
from the ſimilar triangles . ACL, AB : AK :: * 


AC: AL, orm: *: art L. and AL- -AB 


45 — 
. 


5 4 | 
ee n 


corsrxverion or z arions. 


= 2 BL. ; hence, AD, or l +BL, =o Em; 


dh 


| WO” #3 
again, AB : AK :: : AD: : AM, orm : SOT 


| m* 
—x= AM. and AN- AC= SEM ye Se, there- 


bre zu x mic, Nich = gx — mc o. 


Let the equation 48% 3x e o, or a 1. & — 


= =0, be —__ to coincide with the equation 2 — - gx + 2 


oo yk wor iu >; 
=0; that is, let * 2 and — , or m= 


4 = ; and = — 4 then, from a table of coſines, 
fin the MS whoſe coſine is — * to the radius 


wy 4, Fe” the coſine of one third of this angle, to 


the 2 radius, 1 is one value of x. 


518. Cor. 1. If A be the arc whole clin is c, gh 
P the whole circumference, c is alſo the coſine of 


4 +P, or A+ 2P; therefore the coſines r = 4 and 
4 A+ 2P 


are 5 values of x 1. 


539. Cor. 'F Since the radius i is greater than the 
coſine, af, El] is greater man- f or or. + io is greater j 


than. 


E 
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L 


9 
than ? 7 that is, ry Is greater than 25 ; therefore this ſo- 


lution can only be applied when the roots of the cubic 


are poſſible. 2 Art. 328). 


GENERAL PROPERTIES oF CURVE - 


n - 


520. A curve is ſaid to be of a dimenſions, when 


the 8 belonging to it riſes to x dimenſions. 


Let ax = + ca TAT e. + 
g- han +1x"=2 + &c. o, a general equation of # 
dimenſions, expreſs the relation between the abſciſſa 


and ordinate of a curve, then for every different value 
of x, there are 1 values of ; therefore the ordinate 
will cut the curve in u, or in #—2, #— 4, &c. points, 


according as the equation has 1, or n — 2, 145 1 
. Peable roots. 


521. Cor. 1. Hence, if the equation be ns an odd 


number of dimenſions, the curve will have, at leaſt, 
one infinite arc on each fide of the point from which 


the abſciſſæ are meaſured; for whatever be the value 


of x, there is, at leaſt, one pom value of bi correſ- 


ponding to it (Art. 274). 


522. Cor. 2. ax+b is the ſum of the 3 


cx*+dx e the ſum of the products of any two, &c. 


and gx" Ar +I + &c. 15 the e of all the 
ordinates (Art. 2770. | 


523. ff 


— > PR 
n 
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— n N 8 9 ns * 8 = . a — — — Sunn > = — 
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zoo ty PROPERTIES OF CURVE LINES. 5 


523. 72 1200 Jo parallel lines, MM, NN, be drawn in 
@ curve, and cut by AQ, in fuck a manner, that in each 


caſe, the ſum of the ordinates on one fide of AQ #5 equal 


o 3 ſum of the ordinates on a 1 all lines A 


in the curve, parallel to fe will *. cut by AQ im the 
Jane manner. 


Let * ax + p Taxe &c. o, 
bb the equation. to the curve, reckoning the abſciſſæ 
from 4; alſo, let AP=q, AQ =r; then the equation 


in the two caſes becomes y*=aq+b,y—!+&c. o, 


and y" — ar Tb = +&c. o, and fince in each caſe, 
the ſum of the poſitive ordinates is equal to the ſum 
of the negative, ac ag+b= o, and ar+b=0; and by 


| ſubtraction aXr—4q r—q=0, or 4 o, hence, O o; there- 


fore whatever be the value of x, ax +b=0; or the 
ſum of the ordinates oh one fide of 42 is equal to 


— ſum of the ordinates on the other. 


524. The line e 4 is called a diameter of the 
curve. bo 


oy 
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5285. If the abſciſſa APE, and ordinate NPQ aut a 5 
curve in as many points as it has dimenfions, the rectangle 
under thaſe 1 . 15 the alſrſa, PB X ak * N PE, a 


will be to the rectangle under the ordinates, PM X PN * 
FY X ls „in an invariable ratio. 


1 77 8 = +&c. 2 g** + TA 
+&Cc. o be the equation to the curve; then gx"+ 


A +12 + &c. PMX PN Xx OX PA (Art. 


522); alſo the values of x when y=o, are AB, AC, 


| AD, AE, that is, the roots of the equation gx* + 


ha Ak. o, or * + ee 


So, are 4B, AC, AD, AE; and LIE the 


A IT TP ABN AP—AE=PBX PCX px 
PE, (Art. 265); and gu" +hxw = +132 +&c. g 


PBX PCXPDxX PE=PM x PNXPOXPS9; 


ge e I 
we 1 


526. Cor. 


* 


% . 
eee eee PP PE eee eee, * 


\ 
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526. Cor. If #=2, the curve is a conic ſection 
(Ar. 503) ; and if the abſciſſa be a diameter, or the 
ordinates on each fide of it, P.M, PO, equal to each 


I other, the rectangle under the ſegments of the ab- 


ſciſſa is to the ſquare of the ordinate 1 in an invariable 
ratio. te 3 


527. If ther be n right lines, BM, CM, DM, 8 
aud PM, PM, PM, Sc. be ordinates 10 the abſciſſa AP, 


KX 
B—_ +: | | 


the relation between the abſciſſa and ordinates will be 
expreſſed by an equation of the form yn — Ax + Ax +B, * 
+Cx -+Dx+LE. Ws Se.. =0, / 


- 


For if AP x, then Perl, PM=x+d, 


P Mer, Kc. where a, b, c, d, e, fare invariable 
(Art. 481); that 1s, the values of 1es-of y are au b, cx d, 

ex AY, &c. therefore y" — 4 Fe Te. X 5 4A 

| „* c. o, and if A=a+c+e..., fe, 

Kxc. Y. 4x +B y—*+&c. =0. 


32 8. If a curve have as many afymptates. as it 7b 
dimenſions, and a line be drawn which cuts them all, the 
farts of, the line meaſured from the aſymplotes to the curve 
will together be equal to the parts meafured, in the ſame 
diredtion, from the curve to the aſymptotes. 


Let 
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Leet = A . . &c. o be the equation to 
the curve, and y A B + &c.=0 the equa- 
tion to the aſymptotes (Art, 527); when & is infinite, 
the former equation, becomes y” t kee, 
and the latter * Ax y-? &c. o, and theſe equa 
tions coincide (Art. 508), therefore A a; alſo ax + 
is the ſum of the ordinates to the curve, and AB. 
or ax+B, is the ſum of the ordinates to the aſymp- 
totes, in all caſes; hence the difference of theſe, 3 B, 
is an invariable quantity, whatever be the value of 
xz; and at an infinite diſtance this difference is no- 
thing (Art. 508); therefore it is always nothing, or 
5 =; conſequently ax T= = Ax+B; that 1s, he tow 


of the ordinates to the curve 1s "equal to the tum of 
the ordinates to the aſymptotes. 


e che curve, AP the e abſciſſa, 1 5 
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ordinate meeting the curve in the points M, N, O, 
9, and the aſymptotes in a, b, c, d; then PM. 
 PN+PO+P9=Pa+Pb+Pc+Pd, and by tranſ- 
poſition, P M= Pa+PO — nnen = 
or «M+cO=Nd+20. + 5 


= Cor. In the common Ae MCN, whoſe 
center is O, and OTE on, Ob, if any line 


M be drawn cutting the curve in M. N, 125 the 
a AG in a, b, then 4 M is equal to Nb. Pp 


530. If a ftraight line DON be made to + 
about C, and * the curve NI in as many points 
as it has dimer dos; and if cb be always taken equal 


9 4 . the locus 0 the int D 
N CM CM 2 * 


75 wil be a frraight line EDF. 


Let 


, % 
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- Let ABP be an abſciſſa, and from M and D draw 


MP and DB at rink angles to AB P, and let 
Y=ax+by = ..... rr Kc. + Pr 
2x +&c. o be the equation which repreſents the 
relation of AP to PM. Alſo, let AC=z2, CM=v, 
CBS, BD; fin. £ MCP=s, fin. CMP c, to 
radius 1. Then 1 :5::v:5v=y; andi:c:tviw= 
CP; hence, «APS cu. If theſe values of x and y 

| be ſubſtituted in the equation to the curve, the relation 
of AC to CM will be known; and the coefficient of 
the laſt term but one of the transformed equation, di- 
vided by the laſt term, * be the ſum of che reci · 


3 
procals of 1 it s roots, or oe, + >> = = = &c. (Art. 


5 Ti CM che 
269). Non. fince * 22 + = 


X =2 TAZ tal iam + ke, 


— 5 
1 1 I c = ale. | 


— 
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12 = = 202 — — 1 — 2 — 2.210 + Ho Da Sm + &c. 


Kc. W «on 

and ſobſtiruting theſe values for x "ad it's powers, 
and 0 for y, in the terms of the original equation, we 
have the two laſt terms of the transformed equation, : 


pT + &c. co xXev+nÞ2—+1=1 15 B ＋&c. 
X cv, and P2"+ 92 &c. all the other terms in- 
volving the ſquare or ſome higher power of v; hence, 


— 7 Ac. TPI — Nc. oy” 
BE Eo ad , NS Hs 


5 


Ap „ PR. 3 and * 
n ci em e V 

px I 7. Kc. + xn Parr +#=Y, 1 5 8 &c. = = 
: Sr e . 


Allo, from the ſimilar 3 MCP, BC b. 
Vu fi u is, 


| ö vV W +4 
—_—_ 
vw ＋ 1 . W „* 1 * Va vu 
thefefore X p + * 3 4 A 
1 * +8 — — 
9 5 Tarr a = 7 Vb U 
— 1 UNE 1 1 
* P * * c. = — 
+ "Ez I; = 205 1 


5 PET Tc. or UXPPTIE PIR 0X, 
nP23—+1—1 rc. Pf Kc. and 
ſince the point C is fixed, 4 C, or 2, is invariable; 
therefore the relation horeen 0 and u, or 0 B and 

hy D, 
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B D, is expreſſed by a ſimple equation, that is, the locus 
of the point D is a l 88 „ 


531. In tha general equation y-a+bey—=+&. 
ao, if x be ſo aſſumed that two roots are impoſſible, 
two values of the ordinate belonging to this abſciſſa 
are impoſſible, that is, there are no lines which re- 
preſent them. Hence it is evident, that in deducing 
the properties of the ordinates from the equation to 
the curve, we muſt ſuppoſe all the roots of this equa- 
tion poſſible; becauſe, though the ſums, powers, pro- 
ducts, &c. of ſuch impoſhble quantities may become 
poſſible, and their relations, diſcovered by an algebrai- 
cal proceſs, may be expreſſed by poſlible quantities, 
yet the reaſoning does not extend to curves, in which 

the original quantities cannot be repreſented. 


On the ſubje& of Algebraical Curves, the Reader 
may conſult Dr. Waring's Proprietates Algebraicarum 
Curvarum, and Euler's Anal. infinitorum. | 


THE END OF VOL. 1. 
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